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ABSTRACT
E l e c t r i c a l ,  therm al ,  and th e r m o e le c t r ic  t ra n sp o r t  c o e f f i c i e n t s  
were s tudied in a s in g le  c r y s t a l  of antimony. A complete set  of  measure­
ments was executed in magnetic f i e l d s  sweeping up to 18 kG a t  the tempera­
tures 4 ,  3, 2 . 1 ,  and 1 .6°K,  w h i le  supplementary e l e c t r i c a l  data was 
obta ined in  zero  f i e l d  and in s t a t i c  measurements a t  very  low f i e l d s .
Some unusual p r o p e r t ie s  of the  l a t t i c e  were observed. Values of  
the l a t t i c e  thermal c o n d u c t iv i t y  were ob ta ined ,  and found to d is p la y  an 
anomalous temperature dependence. These c o n d u c t iv i t i e s  were taken from 
the thermal r e s i s t i v i t y  which was n e a r ly  constant  a t  f i e l d s  above a few 
kG. The r a t i o  of  the l a t t i c e  thermal c o n d u c t iv i t y  to the zero  f i e l d  
idea l  e l e c t r i c a l  c o n d u c t iv i t y  (which a ls o  d isp layed  an anomalous tempera-  
tu re  dependence) obeyed the exact  T law which should be found when the
t ra n sp o r t  phenomena are  dominated by e lec tron-phonon N-process s c a t t e r i n g .
7
A Debye temperature was determined from the T law.
Though the Sondheimer-WiIson theory  which assumes the e x is ten ce  o f  
a t ime of  r e l a x a t io n  does not app ly ,  in p r i n c i p l e ,  to e lectron-phonon  
s c a t t e r i n g ,  galvanomagnetic data f o r  f i e l d s  in the range 0-180 G was 
described ra th e r  w e l l  by a standard two-band model. Some in d ic a t io n s  
of  the e x is te n c e  o f  a t h i r d  band were observed.
The monotonic components o f  the var ious  c o e f f i c i e n t s  a t  high f i e l d s  
were reasonably compatible  w i th  the low f i e l d  r e s u l t s ,  but the onset  
of asymptot ic  behavior  in the thermal c o e f f i c i e n t s  began a t  much higher
f i e l d s  than in the galvanomagnetic c o e f f i c i e n t s ,  which were a l l  asymptot ic  
a t  the end o f  the 0-180  G measurements. An e m p i r ic a l  s c a t t e r i n g  e f f i c i e n c y  
was Introduced to account fo r  the h igher thermal s a t u r a t io n  f i e l d s  In 
terms o f  a s h o r te r  thermal time o f  r e l a x a t io n .  The asymptot ic  f i e l d  
dependences o f  the k i n e t i c  c o e f f i c i e n t s  were w e l l  described by the 
standard theory except  the k i n e t i c  Seebeck c o e f f i c i e n t  which v a r ied  as 
1/H r a th e r  than 1/H^.
A d en s i ty  of s ta tes  was determined from the asymptot ic  behavior  of
the Nernst -E t t Inghausen c o e f f i c i e n t  e '^ ,  and was found to  be large and
2
temperature dependent.  An expression o f  the form Z = A + BT was adapted
from MacDonald's t reatm ent  of phonon drag and ap p l ied  to the measured
de n s i ty  of  s t a t e s .  The r e s u l t in g  value o f  A was in reasonable agreement
w ith  the t h e o r e t i c a l  q u a n t i t y  3 /2  £ n . / £ .  w h i le  exact  agreement fo r  the
i 1 1
c o e f f i c i e n t  B could be obta ined  w i th  a reasonable choice of  parameters.
The r e s u l t s  were concluded to have poss ib le  bear ing  on the high dens i ty
of  s ta te s  va lues reported  fo r  semi-metals  in genera l .
- 1  - 1O s c i l l a t i o n s  w i th  the per iod  A ( l / H )  = 10.1 x 10 G were observed 
in every  k i n e t i c  c o e f f i c i e n t  except the Righi-Leduc c o n d u c t iv i t y  
X jg  which had the asymptot ic  va lue zero .  The amplitudes of  the o s c i l ­
l a t io n s  were compared, where a p p l i c a b l e ,  to the L i fs h i t z - K o s e v ic h  theory ,  
Horton 's  ex tens ion  o f  Z i l ' b e r m a n 's  theory  and w i th  dens i ty  of  s ta te s  
o s c i l l a t i o n s  in the c l a s s i c a l  theory o f  the gross e f f e c t s .  The Adams- 
H o ls te in  theory was concluded to introduce no s i g n i f i c a n t  c o r r e c t io n  to  
the Z i l 'b e rm a n  theory a t  the f i e l d s  and temperatures of  t h is  study.
O s c i l l a t io n s  in the thermal r e s i s t i v i t y  were concluded to be the 
r e s u l t  o f  o s c i l l a t i o n s  in the l a t t i c e  c o n d u c t iv i t y  due to f l u c t u a t i o n  in
the number of  s c a t t e r i n g  centers  which were e l e c t r o n s .  Reasonable 
agreement was found between the r e l a t i v e  ampl itude |y^ ^ | / y  ̂   ̂ of  the e f f e c t  
and the t h e o r e t i c a l  va lue of  | n | / n .
4
I .  INTRODUCTION
Antimony is a semi-meta l .  By the a p p l i c a t i o n  of a magnetic f i e l d ,
i t  is poss ib le  to observe some of  the m e t a l l i c  p r o p e r t ie s  and some
p r o p e r t i e s  o f  the l a t t i c e  in a s in g le  specimen. For th is  reason and as
1-4
p a r t  o f  a general  program in the study o f  t ra n s p o r t  e f f e c t s  a set
o f  s ix  independent t ra n s p o r t  c o e f f i c i e n t s  was measured in a s in g le
5 6c r y s t a l  o f  antimony from which the k i n e t i c  tensors were computed.
The maximum ap p l ied  f i e l d  was 18 kG.
Antimony, l i k e  bismuth, is p en tava len t  w i th  two atoms per u n i t  c e l l ,  
thus leading to  f i v e  f i l l e d  B r i l l o u i n  zones. Overlap a t  the f i f t h  zone 
boundary r e s u l ts  in a d e s c r ip t io n  o f  the t ra n sp o r t  p r o p e r t ie s  and r e la te d  
phenomena in terms o f  two bands, one o f  ho les,  and one of  e le c t r o n s ,  each
-  "3 -  13
w i th  approxim ate ly  1 .2  x 10 J c a r r i e r s / a t o m  and Fermi energy £  10 J erg.  
Recent op in ion  has been d iv ided  between th is  " c l a s s i c "  d e s c r ip t io n  and
7
a three-band model.
8 -  10Antimony has been e x t e n s iv e ly  stud ied  by de Haas-van Alphen e f f e c t ,
4 11 12 13
Shubnikov-de Haas e f f e c t ,  * u l t r a s o n i c  a t t e n u a t io n ,  ’ c y c lo t ro n
I k - l ' J  . . . , ,  18 . , . . _  19 , rresonance, anomalous sk in  e f f e c t ,  i n f r a r e d  absorp t ion ,  and from
20 21 ^ 22galvanomagnetic e f f e c t s  at  high ’ and low ’ temperatures.  The magneto-
thermopowers and thermo res is tance  e f f e c t s  reported here fo r  helium
23temperatures have not been s tudied since the e a r l y  work of  Rausch.
Models of the band s t r u c t u r e  r e s u l t in g  from these studies  seem to  
f a l l  in to  two c a te g o r ie s .  In each of  these,  the ra th e r  wel l-known set
g
of three  t i l t e d  (Shoenberg ) e l l i p s o i d s  are  c a l l e d  e l e c t r o n s .  The remainder  
of  the c a r r i e r s  are presumed to  be an equal number of  holes.  In one 
model, these "ho les"  are  described in terms o f  a set  of  three (warped?)
e l l i p s o i d s  w i th  only s l i g h t  t i l t ^ ’ ^ * ^  and in the other  model the holes
are  d iv id e d  in to  two bands o f  l i g h t  and heavy holes corresponding to one
4 7p r o l a t e  and one o b la te  e l l i p s o i d .  I t  should be kept in mind, however,
th a t  these models presume the Shoenberg e l l i p s o i d s  to be e le c t ro n s  and
14 16 21
a p o s i t i v e  i d e n t i f i c a t i o n  as such has not been made. 3 3
Phenomenological d e f i n i t i o n s ,  conventions and p e r t in e n t  exper im enta l  
fac ts  f o l lo w  these in t ro d u c to ry  paragraphs.  The r e s u l t s  and d iscussion  
of each of  the separable  aspects o f  the t ra n s p o r t  phenomena are  then  
given. In Section IV-A the id e a l  e l e c t r i c a l  c o n d u c t iv i t y  and the l a t t i c e  
thermal c o n d u c t iv i t y  a re  discussed. In IV*B the r e s u l t s  o f  galvanomagnetic  
measurements a t  very  low f i e l d s  are reported .  Section IV-C deals w i th  the 
asymptot ic  behavior  of  the var ious t ra n s p o r t  c o e f f i c i e n t s  a t  high f i e l d s .  
Section IV-D gives r e s u l ts  and comparison w i t h  th e o r ie s  of the o s c i l l a t i o n s  
due to Landau q u a n t i z a t io n .
I I .  PHENOMENOLOGICAL DEFINITIONS OF THE TRANSPORT EFFECTS
A l l  measurements were made w i th  the magnetic f i e l d  p a r a l l e l  to  the
t r i g o n a l  ax is  w i th  the convent ion ind ic a ted  by Fig. 1. T hree fo ld  (3m)
symmetry p erpend icu la r  to the plane in which the e f f e c t s  a re  measured
5 6implies tha t  the k i n e t i c  equat ions fo r  two dimensional  i s o t r o p ic  media 
24are  a p p l i c a b le .  They a re ,
J - o e' -  e"G
( i s o - p o t e n t i a l )  ( 1)
W* = -n " E *  + A"G
The f luxes  W and J are  the thermal and e l e c t r i c a l  c u r r e n t  d e n s i t i e s  
expressed as l i n e a r  combinations of  the a f f i n i t i e s  G, the negat ive  of
the temperature g r a d ie n t ,  a n d j i ^ ,  the e l e c t r i c  f i e l d .  The a s t e r i s k  
n o ta t io n  on E* and W* has been used by Jan'* to  in d ic a te  t h a t  the in t e r n a l
A A A . *
q u a n t i t i e s  have been modif ied  by a term in v o lv in g  the chemical p o t e n t i a l  
C so as to  represent  measured q u a n t i t i e s . ^  The k i n e t i c  c o e f f i c i e n t s  
def ined  by Eq. ( l ) a r e  the q u a n t i t i e s  c a lc u la t e d  in formal t ra n s p o r t  
th e o r ie s .  Each is a 2 x 2 tensor., and, due to symmetry, is homomorphic^  
to the complex numbers. They are:  O, the e l e c t r i c a l  c o n d u c t iv i t y ,
A  A  "■>
A", the thermal c o n d u c t iv i t y ,  e", the th e rm o e le c t r ic  power and the
*s A
p e l t i e r  tensor where n" = Te". Each of  these c o e f f i c i e n t s  would appear  
as the sum of  the independent c o n t r ib u t io n s  from each c a r r i e r  band plus  
the phonon c o n t r i b u t io n ,  provided band to band i n t e r a c t io n s  and phonon 
drag a re  neglected.
The phys ica l  c o n d i t io ns  lead ing  to  Eqs. ( l )  a r e ,  u n f o r t u n a t e ly ,  
not r e a d i l y  a t t a i n a b l e  in the la b o ra to ry .  In p r a c t i c e  one measures
At.
the tensor  p ( e l e c t r i c a l  m a g n e t o r e s is t i v i t y  and H a l l  r e s i s t i v i t y )  de f ined  
by
Jw  A  A
E = p J + e G
( iso therm al )  (2 )
i
and obta ins  the q u a n t i t y  O’ by a simple invers ion  (7 -  p . The absence
2
of primes on the other  c o e f f i c i e n t s  in d ic a tes  the isothermal  c o n d i t io n .  
Considerable  exper im enta l  and computat ional  complexi ty  is added i f  the 
other  k i n e t i c  c o e f f i c i e n t s  are  to  be obta ined .  One measures the tensors
A . A
y  ( thermal  m a g n e t o r e s Is t i v i t y  and Righi -Leduc r e s i s t i v i t y )  and e 1 
( a d i a b a t ic  Seebeck and N ernst -E t t inghausen  e f f e c t )  de f in ed  by
it '** ■*'
E -  p ' J  + e'W
( a d i a b a t ic )  A A (3 )
G = n*J + y  W'
o
w ith  the a d i a b a t i c  c o n d i t io n  denoted by a s in g le  prime ( ' ) •  Thus, the 
remaining k i n e t i c  c o e f f i c i e n t s  are  obta ined  from the exper im enta l  c o e f -
* » . i  *  p * . i A. i  A A
f i c i e n t s  through the r e l a t i o n s  X" = y  (1 + e' p y  T) and n" = e"T =
A  X  a  |  **»
n e g l i g i b l e  compared to u n i t y  and i t  is pos s ib le  to  w r i t e  X" «  y  = X.
In the present  case, however, t h is  c o r r e c t io n  was found to range from
2 « 5 ° /o  a t  1 .6°K to  6 . 5 ° / o  a t  4°K. D e ta i l s  concerning the foundations o f
Eqs. ( 1 ) ,  (2)  and (3) can be found, fo r  example, in the a r t i c l e s  by Ca l len
(and more e x p la n a t io n  concerning t h e i r  a p p l i c a t i o n  in the present  n o ta t io n
2 3is in the a r t i c l e s  by Grenier  et. al_.
I I I .  EXPERIMENTAL DETAILS
The apparatus and measuring techniques were an evolved and extended
2 3form o f  those used in the e a r l i e r  work of Grenier  e_t a_l. ,  and t h e i r
d e s c r ip t io n  w i l l  be abb re v ia ted  a c c ord in g ly .
27The c ry s ta l  was cut with a Servomet spark c u t te r  from a Cominco 
grade 69 zone-re f ined  bar. F la t  surfaces perpendicular to the t r igona l  
axis  were obtained by cleavage and the f in ished c ry s ta l  was cleaned in an
I Q
a c id  s o lu t io n .  Dimensions were 20 x 4 . 6  x 2 mm w ith  the 4 . 6  mm width  
along a b ina ry  a x is .  The long dimension was held v e r t i c a l  and the 
upper end was soldered to  the t i p  of a No. 9 copper w ire  (heat  s ink )  
passing from the l i q u i d  helium to  the i n t e r i o r  o f  a 5 / 8 " c y l i n d r i c a l  
high vacuum (4 x 10^ mm Hg) chamber c o n ta in in g  the sample. The 
arrangement is shown to  sca le  in  F ig .  1. A l l  so lder  connections were 
made w i th  non-superconduct ing 60 /4 0  Bi-Cd e u t e c t i c .  The source of  heat  
c u r r e n t  was obta ined from a 107 ohm hea te r  which was wound from No. 40  
constantan on a hoop shaped core o f  No. 16 copper wi re and soldered to
7a
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the lower end of  the c r y s t a l .  E l e c t r i c a l  c u r re n t  was provided by leads 
soldered to  the upper and lower ends o f  the c r y s t a l .  A 22  cm length of  
10 m i l  Supercon A33 w ire  was used to  connect the e l e c t r i c  c u r re n t  lead 
to the heater  end of  the c r y s t a l .  This was done in the hope tha t  a l l  
e f f e c t s  could be measured w i thout  d is t u r b in g  the c r y s t a l ,  the superconductor  
being ab le  to c a r r y  high e l e c t r i c  cu rren ts  in the measurement of p,  but
t
conducting n e g l i g i b l e  heat in the measurement of y  and e 1. This proce-
28dure was moderate ly  success fu l ,  but some undes i rab le  e f f e c t s  were observed.
23The d i f f i c u l t  problem of  f i e l d  o r i e n t a t i o n  was p a r t i a l l y  solved
29by f in d in g  the res is ta n c e  minimum of  a z inc  c r y s t a l  mounted p a r a l l e l  
to  the basal  plane o f  the antimony.
k
Magnets and cryogenic  equipment were i d e n t i c a l  to those used by Rao
w i th  the a d d i t io n  of devices designed to  improve the s t a b i l i t y  o f  the
28bath temperature.
For galvanomagnetic measurements, the c u r re n t  ranged from 1 mA fo r
measurement of p j j  a t  high f i e l d  to 1 A for  measurements a t  zero  and low
f i e l d .  Heat curren ts  fo r  thermomagnetic measurements ranged from
0.1  mW a t  1 .6°K to  1 .0  mW a t  1+°K, the main c r i t e r i a  in t h is  case being
to keep the temperature g ra d ie n t  s u f f i c i e n t l y  small  (<0. l°K/cm) to apply
28var ious  l i n e a r  approximat ions in the computat ions.
IV. RESULTS AND DISCUSSION
A. The L a t t i c e  Thermal and Idea l  E l e c t r i c a l  C o n d u c t iv i t ie s
The zero  f i e l d  e l e c t r i c a l  c o n d u c t iv i t y  was c a lc u la t e d  from res is tance
14
measurements taken as a func t io n  of  temperature throughout the l iq u i d  He 
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by the r e s i s t i v i t y  r a t i o  p^qq/p-j- which v a r ie d  from 36OO a t  4 .2 ° K  to
-g
9500 a t  1.2°K.  When a re s id u a l  r e s i s t i v i t y  pQ = 4 x 10 ohm-cm was
subtracted  from the measured va lues ,  the r e s u l t in g  idea l  c o n d u c t iv i t y
-1  9 -  2 * 2a .  = (p .̂ -  pQ) was found to f i t  a power law a .  = 3 * ° 7  *  1° T
- 2A/cm-V, F ig .  2* Although th is  is ra th e r  c lose  to the T law p re d ic te d
30fo r  e l e c t r o n - e l e c t r o n  in terband s c a t t e r i n g ,  i t  w i l l  be seen th a t  the
s c a t t e r i n g  is ra th e r  c o n c lu s iv e ly  dominated by an e lectron-phonon  
N-process. The g e n e r a l l y  accepted Debye-Gruneisen-Bloch theory p r e d i c t s ,
c o n d u c t iv i t y  when T = 0 ,  the Debye temperature .  Here there  is a c l e a r
disagreement w i th  the theory both in power law and in magnitude, the
c o n d u c t iv i t y  being some 100 to 1000 t imes l a r g e r  than expected from Eq. (*+).
A complementary disagreement was found in the l a t t i c e  component of
thermal c o n d u c t iv i t y  X".  I t  is poss ib le  to w r i t e  the thermal c o n d u c t iv i t y
9
A 1 A — PI
as X" + X"1 where the e l e c t r o n i c  term X is o f  the form ~H and the e g  e
l a t t i c e  term X^ is approx im ate ly  constant  a t  a given temperature.
Fig. 3 shows th a t  a t  moderate ly  high f i e l d s  the thermal  r e s i s t i v i t y
approaches a n e a r ly  constant  va lue  which is  i d e n t i f i e d  as y  . This
quenching o f  the e l e c t r o n i c  component of  y  corresponds to the large
. it - 2 \
q u a d ra t ic  magnetores1stance which causes the e l e c t r o n i c  term ( X j j  ~H )
l l e
in X ^  to  become n e g l i g i b l e  w i th  respect  to the  l a t t i c e  term. F ig .  k
shows the Righi-Leduc r e s i s t i v i t y  y ^ j  approaching zero  s im ultaneous ly
P P
w i t h  the s a t u r a t io n  of  y j j -  I t  fo l low s t h a t  X j j  = X' 11 /  (>'11 + T'gl  ̂ **  ^ ^ 1 1 *
“5 31however, a T law given by
for  N-process e -p  s c a t t e r i n g . the
10
and not ing  th a t  X" = X(1 + e ' e " ! )  w X, i t  is concluded th a t  the high
f i e l d  measurement o f  y n is n e a r ly  a d i r e c t  measure o f  X".
11 g9
Fig.  2 shows X" as a fu n c t io n  of  temperature.  I t  was found to
- k  k 8
obey the law X11 = 7*5  x 10 T W/cm-°K. Ne i ther  boundary or isotope  
9
■a
s c a t t e r i n g ,  from which one expects a law would r e s u l t  in values as
small  as those measured. E lec t rons  are  expected to s c a t t e r  most of  the  
phonons and fo r  a normal process
a t  the Debye temperature and is the number of  c a r r i e r s  per atom which 
fo r  phonon s c a t t e r i n g  purposes w i l l  be taken as the s*jm o f  the abso lu te  
values o f  the number o f  c a r r i e r s  per atom in each band. E lectron-phonon  
N - s c a t t e r i n g  was expected to  dominate the l a t t i c e  c o n d u c t iv i t y ,  but here 
is a r e s u l t  which is c l e a r l y  d i f f e r e n t  in power law and 1000 t imes 
sm a l le r  than th a t  p re d ic te d  by Eq. (6 ) .
These d iscrepanc ies  between t h e o r e t i c a l  and measured va lues of
is examined. From the curves which f i t  the exper im enta l  p o in ts ,  Fig.  2, 
i t  is found th a t
(5)
is p r e d i c t e d .^ 2 Here X" is the zero  f i e l d  e l e c t r o n i c  component o f  X" 
^0
Q . and X" become more i n t e r e s t i n g  when the r a t i o  o f  the two c o n d u c t iv i t i e s  
' 9
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where L is the t h e o r e t i c a l  Lorentz number 2-71 x 10 esu. Taking a n
7 8 19 “ 3concensus * va lue o f  4 x 10 cm as the number of  c a r r i e r s  in each of
the (two?) bands, the value n = 2.*+2 x 10 ^ c a r r i e r s / a t o m  r e s u l t s .
3
Equation (6 ) and Eq. ( 7 ) are then in p e r f e c t  agreement when the c h a r a c t e r ­
i s t i c  temperature © = 178°K is used. This va lue is c o n s is ten t  w i th  
p r e v io u s ly  reported values which have a p p a re n t ly  ranged from 140°K to  
201°K. 33
7
As one m i gh t surmise from the agreement,  the T law is of  a more
general  nature than the power laws p re d ic te d  fo r  the in d iv id u a l  conduc-
32t i v i t i e s .  Using a v a r i a t i o n a l  method,Ziman obta ins
$ 2 - 4  - (8)1 na
which reduces to Eq. (7 ) when the Debye formula = ( l 2ni+/ 5 )Nk(T /© )^  
is s u b s t i t u te d .  The i n e q u a l i t y  in Eq. (8 ) r e s u l t s  when U-processes which 
behave as exp(© /T )  a re  present .  The fa c t  th a t  an exact  T law is fo l lowed  
means th a t  the only  s c a t t e r i n g  of  any consequence is due to an e-p  
N-process.  This br ings out a somewhat unique fe a t u r e  o f  antimony and 
the c r y s t a l  fo r  t h is  work. In antimony, i t  is pos s ib le  to examine a 
case of  pure e l e c t r o n  N - s c a t t e r i n g  whereas in o ther  metals where i t  is 
p o s s ib le  to  i s o l a t e  the l a t t i c e  c o n d u c t iv i t y ,  U-process or boundary 
s c a t t e r i n g  are  l i k e l y  to  be p resent .  The p u r i t y  o f  t h is  sample made i t  
poss ib le  to  determine the temperature dependence of  the idea l  e l e c t r i c a l  
c o n d u c t iv i t i e s  a t  temperatures s u f f i c i e n t l y  low fo r  the e q u a l i t y  in Eq. (8 ) 
to  hold.
12
Only speculation can be o f fered as to the reason for  the f a i l u r e  
of Eqs. (k) and (5)* ' n each case, the d e r iv a t io n  of these equations 
assumes that  the scatte rers  are in equi l ib r ium . Because phonon drag 
v io la te s  th is  condit ion,  i t  is tempting to suggest that  the f a i l u r e  is 
due to drag, but i t  is not reasonable to expect drag to modify the 
magnitude of the c o n d u c t iv i t ie s  by a fac tor  of 1000 as observed.
The f a i l u r e  of Eq. (4) can be made p lau s ib le  by considering the 
p o s s i b i l i t y  that  the angle of sc a t te r  in the N-process is greater  than 
(T /0 ) .  Using the simple argument of Rosenberg^ in which
wi th <p as the (sm a l l )  s c a t t e r i n g  ang le ,  i t  is r e a d i l y  seen th a t  almost
any des ired  temperature dependence can be obta ined by a s l i g h t  m o d i f ic a t io n
of  the temperature dependence of the s c a t t e r i n g  ang le .  Such might occur
should the temperature dependence of  the angle tend to s a tu ra te  toward
a constant  va lue  as the ze ro  po in t  is approached.
*
B. Low F ie ld  GaIvanomagnetic E f fe c ts
1. Theory
The most complete s e m i - c la s s i c a 1 t reatment  of gross t ra n sp o r t
35" 37phenomena in a magnetic f i e l d  is th a t  of Sondheimer and Wilson.
Quantum th e o r ie s  y e i I d  few c o r r e c t io n s ,  t h e i r  e f f o r t  being given toward 
e x p la in in g  the o s c i l l a t o r y  e f f e c t s . ^  ^  Sondheimer and Wilson presented  
a broad t reatment which, in p r i n c i p l e ,  is a p p l i c a b le  to  a la rge  va r i  e t y  
of t ra n s p o r t  mechanisms. In the galvanomagnetic e f f e c t s  reported  here 
there  was probably  a m ix ture  of  mechanisms due to  s c a t t e r i n g  o f  the
electron-phonon ,  e l e c t r o n - s t a t i c  de fec t  and e lec t ron -bounda ry  types.
From the m o b i l i t i e s ,  the e l e c t r o n  mean f r e e  path was es t imated  t o  be on
t.he order o f  5 ° / o  o f  the sm al les t  sample dimension. (An at tempt  to
j  2
observe magnetomorphic o s c i l l a t i o n s  * o f  expected per iod "-5 G was 
thus unsuccess fu l . )  Thus i t  was considered prudent to n eg lec t  boundary 
s c a t t e r i n g ,  any c o r r e c t io n  being a tenuous m a t te r .  J The general  i n t e r ­
p o la t io n  f o r m u l a e ^ ' ^  are  a p p l i c a b le  to the problem which remains, but
are  so i n t r a c t a b l e  as to make q u a n t i t a t i v e  a n a ly s is  impossible .  The only  
manageable formulae are those tha t  r e l y  on i n t e g r a t i o n  o f  the Boltzmann 
equat ion  by means of a r e l a x a t io n  t ime T .  These formulae ( in  cgs gaussian  
u n i t s )  are
n . a . H.
HCT . = ecH L ' ■' ' (9a )
11 1 H + H .2
1
(± )n .
a is > = ecH ^ *"p— H  (9b)
*  i H + H. 1
ge n e ra l i z e d  to an a r b i t r a r y  number of  bands. The upper and lower  
signs (±) denote hole and e l e c t r o n  terms, r e s p e c t iv e ly .  The subscr ip ts  
1 and 2 fo l lo w  the convent ion of  F ig.  1, w h i le  e ,  c and H have t h e i r  
usual meanings. The q u a n t i t i e s  n . ,  a. and H. are  given fo r  the i t h  band 
and are  the c a r r i e r  d e n s i ty ,  the o r b i t a l  e l l i p t i c i t y  parameter and the  
s a t u r a t io n  f i e l d ,  H. "*= m . c / e T r e s p e c t i v e l y .  The use of a r e l a x a t io n  
time [and thus Eqs. ( 9 ) ]  a t  low temperatures is  o n ly  j u s t i f i e d  in p r i n c i p l e
i f  the s c a t t e r i n g  is of  the s t a t i c  p o in t  d e fec t  type ( e l a s t i c ) .  F u r th e r -
-v
more, the c o n d i t io n  arr <  1 t s s t i p u l a t e d  where od = eH/m c, the c y c lo t ro n  
frequency.
2• Pi scussi on and Results
The high p u r i t y  o f  t h is  c r y s t a l  re s u l te d  in a dominance o f  phonon 
s c a t t e r i n g  (The zero  f i e l d  data in d ic a te s  t h a t  a t  4°K more than 6 0 ° / o  
of the r e s i s t i v i t y  was due to  phonon s c a t t e r i n g ,  though a t  1 .6°K th is  
f ig u r e  dropped to 20° / o . ) and r e l a x a t io n  t imes so long th a t  the con­
d i t i o n  cur = 1 was exceeded a t  f i e l d s  below 100 G. I t  has been p re v io u s ly
demonstrated t h a t  the requirement ojt <  1 i s not s t r i n g e n t ,  but the 
present  case is a severe tes t .  Rao e_t a_l. ** a p p l ie d  Eqs. (9)  to  data from 
an antimony c r y s t a l  in which i t  could be concluded from the temperature  
dependence of the e f f e c t s  th a t  p o in t  d e fec t  s c a t t e r i n g  was dominant.  
Except ing the f a i l u r e  o f  the tur <  1 c o n d i t io n ,  Eqs. (9)  were v a l i d  for  
Rao's data .  Eqs. (9)  were a ls o  a p p l ie d  to data fo r  the c r y s t a l  reported  
here. Although phonon s c a t t e r i n g  was dominant, Eqs. (9) were found to  
s t i l l  descr ibe  the data q u i t e  w e l l .  Q u a l i t a t i v e  agreement between data  
po in ts  a t  1 .6°K and 4°K and a two-band f i t  to  Eqs. (9) is shown by the 
curves in Figs.  5 and 6 * Parameters of  the two bands determined from the
f i t s  a re  shown in Table I where they are  compared to  the r e s u l t s  o f  Rao
ejt a_l .j  Rao's data having been c o r re c te d  f o r  an e r r o r  in  the measurement 
of  the s ign o f  the H a l l  e f f e c t .
The r e s u l t s  f o r  a re  examined f i r s t .  The s a t u r a t io n  f i e l d s  are  
seen to be much sm al le r  than those found by Rao, and t h is  is the expected  
r e s u l t  o f  a longer r e l a x a t i o n  t ime in a c r y s t a l  w i t h  a lower im p u r i ty  
d e n s i ty .  The temperature dependence o f  the H. is l ik e w is e  i n te r p r e te d  
as due to  a decreas ing phonon d e n s i ty .  The K. appear to be decreasing  
to  some re s id u a l  va lue  c h a r a c t e r i s t i c  o f  the im p er fec t ion  c o n c e n t ra t io n .
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TABLE 1. Two band model parameters as determined by f i t t i n g  Eqs. (10)
to HCXjj and a J2 data as shown i n Fi gs. 5 ar,d 6 . The re s u l ts a re compa red
wi th those of  Rao e_t a 1.




















Work a t  
/+°K 16.1 6 9 ./+ 7 . 7O 3.56 k.  31 15.0 25- * - 3 1-7
Rao et  ̂ a 1. 
a t  k . 2 °K 115- 540. 10.7 10.6 1+.7 8 6 ./+ /+92. *+.68 5 - 7
Present  
Work a t  
1 . 6°K 9 .88 /+2-3 10.23 k.  74 Z+.28 10.0 15. * • 3 1-5
Rao et a 1. 
a t  1-7°K 101. *+53 • 11-3 12./+ 4 . 5 79 .6 4 5 9 . 4 .9 3 5 .8
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are  in s u r p r is in g  agreement.  The r e l a x a t io n  t ime concept is a p p aren t ly
37of broader a p p l i c a b i l i t y  than one would expect .  There is no obvious
reason f o r  the r e l a t i v e  m o b i l i t i e s  o f  two bands to be the same fo r  two
complete ly  d i f f e r e n t  s c a t t e r i n g  mechanisms. I t  w i l l  be not iced th a t  the
agreement in the r a t i o  He/H^ is somewhat b e t t e r  a t  the lowest temperatures
where the s c a t t e r i n g  is more n e a r ly  comparable.
The only  c l e a r  d iscrepanc ies  between t h is  (7jj data and t h a t  o f
Rao e t  a 1. are  in the values o f  n . a . .  The values obta ined  here are
sm al le r  than those found by Rao. With a decrease o f  the temperature
from k°K  to  1 .6°K the peak of  the curve,  F ig .  ' s seen to  r is e
corresponding to an increase of  the n .a .  va lu e ,  a p p a re n t ly  r i s i n g  toward
the la r g e r  values found by Rao as the realm o f  s t a t i c  d e fe c t  s c a t t e r i n g
is approached. The lower values o f  n .a .  fo r  phonon s c a t t e r i n g  are  an
im p l ic a t io n  t h a t  phonon s c a t t e r i n g  is more n e a r ly  i s o t r o p ic  than s t a t i c
bhd e fe c t  s c a t t e r i n g .
The r e s u l t s  fo r  ( 7 ^  are not 50 d e a r l y  i n te r p r e te d  as those fo r
(Tj j . Q u a l i t a t i v e  agreement w i th  a two-band model is demonstrated by
Fig.  6 ,  but the s a t u r a t io n  f i e l d s  o f  the e l e c t r o n  band requ ired  to
f i t  the data do not agree w i th  the r e s u l ts  of the f i t t i n g s ,
S a t i s f a c t o r y  agreement was found fo r  the band of  holes.
The incons is tency is best  expressed through the r a t i o  H /H^ which is
much lower fo r  the ( J ^  r e s u l t s  than f o r  the G j j  r e s u l t s .  Comparison to  
1+
Rao's data adds confus ion.  In Rao's data the opposite  r e s u l t  was found
w i th  a l a r g e r  r a t i o  H /H. fo r  than f o r  <7,,.  These d iscrepa nc ies3 e h 12 11 r
between the r e l a t i v e  m o b i l i t i e s  requ ired  to f i t  and <7^ are  perhaps 
due to the f a i l u r e  o f  the c o n d i t io n  cjjt <  1 or  some o ther  weakness o f  the
16
t ra n s p o r t  theory ,  but i t  seems more l i k e l y  t h a t  the r e s u l t  can be
exp la ined  as a f a i l u r e  o f  the two-band model.
7
I t  has been argued th a t  a three-band model should be ap p l ie d  to
antimony. Rao ejt a_K showed t h a t  t h e i r  Shubnikov-de Haas r e s u l t s  were
g
con s is te n t  w i th  a model in which the newer c a r r i e r s  a re  d iv ided  i n to  two 
bands, and D a t a r s ^  has repor ted  three  c y c lo t r o n  masses in the t r i g o n a l  
d i r e c t i o n .  The d iscrepanc ies  in (Xjj and (Xj^ data o f  Table I can be 
q u a l i t a t i v e l y  resolved by in t rod uc in g  a t h i r d  band o f  e i t h e r  sign ana 
a p p ro p r ia te  a.  va lues .
19 - 3The number n = 1+.3 x 10 cm determined from the CX^ f i t t i n g  is a
compromise between a best f i t  and a reasonable va lue o f  n. An accurate
de te rm in a t io n  o f  n cannot be made from O ^  when the s a t u r a t io n  f i e l d s  are
19 "3not w e l l  separa ted .  A concensus va lue  of  n = k x 10 cm has been used 
f o r  c a l c u l a t i o n  pur P°ses throughout t h is  a r t i c l e .
C. Gross Behavior  of the K i n e t i c  C o e f f i c i e n t s  Under 
High F i e l d  Asymptot ic Condi t ions
1. Galvanomaqnet ic  Coeff i c i ents
The m a g n e t o r e s is t i v i t y  p j j  and the H a l l  r e s i s t i v i t y  were published
26e a r l i e r .  The f i e l d  dependence o f  p j j  was q u a d ra t ic  and i t s  high f i e l d  
va lue  was approx im ate ly  3O times t h a t  o f  p^j  which e x h ib i t e d  a n e a r ly  
cubic  f i e l d  dependence r a t h e r  than the l i n e a r  dependence expected from 
the assumption ng = n^.
Equations (9)  p r e d i c t  th a t  and HtX^ approach constant  l i m i t i n g
values as the c o n d i t io n  H »  H. is a t t a i n e d .  Figures 8 and 9 demonstrate  
t h a t  the gross (monotonic) p e r t  o f  5  fo l lo w s  th is  p r e d i c t io n .  The l i m i t i n g
values £ n .a .H .  and £ ( ± ) n .  a re  presented in Tab le I I .
; 1 1 1 j 1
TABLE I I .  Q u a n t i t ie s  determined from the high f i e l d  l i m i t i n g  values  
of  the k i n e t i c  c o e f f i c i e n t s .  The p r e c is io n  of  these q u a n t i t i e s  is 
g e n e r a l l y  good.
4°K 3°K 2. 1°K
Ext ra p o la t  i on
1. 6 ° k  0°K
(C a lcu la ted  from 
Table I )
10 En .a .H .T i l l 3-71 3 -02
(Measured)
10- 2 l £ n .a .H .; i i i 4. 76 4. 6 l 4 .3 8 4 .3 3
10 ^ ( n  -n  ) 7 .6 8 . 0 7 -9 8.1n e
10_3 5 f ( a ) Z Z . a . H .
i ' ' 1
13.0 10.5 6 . 7 2 4 .8 4 2 .4
io“33zz.
i '
10.9 7 .48 4 .4 5 3-05 1 .52
.091 . 143 .286 •333
10“ 33d£Z.* l 1.0 1. 1 1-3 1.0i
17
A 0 . 2 ° / o  excess o f  holes over e l e c t r o n s  is in d ic a te d  by the values  
of  £ { ± )n .  .
i 1
The values of  £ n .a .H .  decrease w i th  decreasing temperature as; I I I
expected,  but the temperature dependence is less than tha t  p re d ic te d  by
the low f i e l d  two-band parameters,  Table I .  The magnitudes o f
E n .a .H .  as p re d ic te d  by the low f i e l d  two-band model are included inj i i i '
Table I I  and are seen to be sm al le r  than the measured va lues .
These fea tu res  imply a tendency toward a p r a c t i c a l  equ iva lence of  
s t a t i c  de fec t  and phonon s c a t t e r i n g  in high f i e l d s .  The l a r g e r  
asymptot ic  values o f  En .a .H .  a re  a ls o  c o n s is te n t  w i th  the p o s s i b i l i t y  of  
a t h i r d  band having a h igher va lue o f  H. (heavy c a r r i e r s ) .
2. Therma1 Conduct i v i t  i es
The thermal magnetores i stance y ^  was la rge  and a t  moderate f i e l d s  
was so high as to cause most o f  the heat to  be t ransported  by the l a t t i c e ,  
Fig.  3 . The Righi-Leduc r e s i s t i v i t y  y ^  rose sharp ly  to  a low f i e l d  
maximum and decayed to  the asymptote ze ro  a t  high f i e l d ,  F ig .  4.'* This
e f f e c t  is not so i n t e r e s t i n g  as i t  appears. Because X^j »  X ^ *  ■ t
p 2 2
fo l low s th a t  ^12 ^ 1 2 ^ 1 1  * At moderate f i e l d s ,  X jj
o
decreases as 1/H and X ^  decreases as 1/H, thus causing y^ j  to increase  
r a p i d l y  as H u n t i l  X jj approaches the constant  va lue X^ causing y ^  to  
pass through a maximum and then decrease as *
The k i n e t i c  thermal c o n d u c t iv i t y  tensor  was computed and the e l e c t r o n i c
A  A
component X” and the l a t t i c e  component X^l were separated through the
A A A
r e l a t i o n  X" = X" + X " l .  The r e s u l t i n g  l a t t i c e  c o n d u c t iv i t y  is discussede g  3
in Sect ion  IV-A.
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Band parameters of  A were not determined because low f i e l d  data  r  e
was not taken and high f i e l d  asymptot ic  behavior  did not occur u n t i l  
f i e l d s  in which an accurate  de te rm in a t ion  o f  was ru led out by the
A
dominance of  ^gl*  The onset of asymptot ic  behavior  did not occur a t  the
low f i e l d s  observed in the galvanomagnetic measurements. Because phonon
s c a t t e r i n g  is more e f f i c i e n t  in a thermal process than in an e l e c t r i c a l
process, the behavior  of  the thermal  e f f e c t s  is c h a ra c te r iz e d  by higher
s a t u r a t io n  f i e l d s  H .x than the f i e l d s  H._ found in an e l e c t r i c a l  measure-i A iC
ment.
3* Lorentz Numbers and the S c a t te r  i nq E f f  i c i ency
I t  is customany in s tud ies  where the e l e c t r i c a l  and thermal conduc­
t i v i t i e s  have been measured to compare the r e s u l t s  w i th  the Wiedemann-
A  A
Franz law A" = L̂ TCT. The Wi edemann-Franz law is on ly  a p p l i c a b l e ,  however,
to  the c o n d u c t iv i t y  tha t  r e s u l t s  a f t e r  any s i g n i f i c a n t  c o n t r i b u t io n  by
the l a t t i c e  has been sub trac ted ,  and then on ly  when the s c a t t e r i n g  is
such (a t  helium temperatures,  s t a t i c  d e fec t  s c a t t e r i n g )  th a t  both thermal
and e l e c t r i c a l  processes can be c h a ra c te r iz e d  by the same r e l a x a t io n  t ime.
I f  the s c a t t e r i n g  is i n e l a s t i c  (phonons) a smal l  angle  s c a t t e r  in energy
through the Fermi sur face  may be as e f f i c i e n t  in r e s to r in g  thermal
e q u i l ib r i u m  as an angle it in the e l e c t r i c a l  process.
In order  to  adapt the Wiedemann-Franz law to  phonon s c a t t e r i n g ,
a thermal r e l a x a t io n  t ime T \  and an e l e c t r i c a l  r e l a x a t io n  t ime T„A CT
1 uwere p o s tu la te d  where
TX ‘ "o  ’ °  S 1 ’
the " e f f i c i e n c y "  a  becoming u n i t y  when the s c a t t e r i n g  is s t r i c t l y  e l a s t i c .
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The e f f i c i e n c y  may be determined from the measured Lorentz numbers
def ined  by L. = X' jj  / o j j T  and = ^ 2^ 12^ w^ere  = + ^
e ®
When a  = 1, Lj = = L^. Because the r e l a x a t io n  time only appears in
Hj = ni jC/eT, the r o le  o f  a  is to  rep lace  Hj^ by = ( l / a j H j ^  in the
A
expressions f o r  X" der ived  by combining Eqs. (9)  and the r e l a t i o n
G
A A
X" = L TCT. Only in the extremes o f  low and high f i e l d  does L have a e n ’ n
simple r e l a t i o n s h ip  to Lj  and L^, namely
1i m 1 im .
H -  0 L. = aL H -  «  L. = £  L , (10a)I n  1 a  n 1
1 i m 1 i n
H -  0 L = OTL H -* 00 L = L . (10b)2 n 2 n
Thermal data was not taken a t  f i e l d s  s u f f i c i e n t l y  low f o r  the lower
l i m i t s  to app ly  and i t  was d i f f i c u l t  to o b ta in  s a t i s f a c t o r y  high f i e l d
r e s u l t s  because o f  the dominant l a t t i c e  c o n d u c t iv i t y .  Values o f  Ot
obta ined from the r e l a t i o n  = ( l /Q i )Ln are  given in Table I I .  An
e m p i r ic a l  p r o p o r t i o n a l i t y  between 0! and the e f f e c t i v e  d en s i ty  o f  s ta te s
is noted w i thou t  f u r th e r  comment. D iv is io n  of the H. in Table I by the1
A
a p p ro p r ia te  OL should provide es t imates  of  the band parameters fo r  Xe>
The increase in 0£ from ~  1/10 a t  1+°K to  ~  1/3 a t  1 .6°K corresponds to the
A
increas ing  percentage of  im pur i ty  s c a t t e r i n g  (a = 1) found in the CT 
r e s u l t s  discussed e a r l i e r .  Were the im p u r i t ie s  not p resen t ,  OL should 
tend to zero  a t  zero  degrees in a bu lk  specimen.
In a study o f  the Lorentz numbers of t i n ,  Bordoloi found very  good 
agreement w i th  the complete se t  of  Eqs. (10)  thus lending more weight  
to the r e l a x a t io n  t ime concept.  These l im i te d  re s u l ts  on antimony support 
those f in d in g s .
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k . T h e rm o e lec tr  i c C o e f f  i c i ents
A  06
The e x p e r im e n ta l  t h e r m o e l e c t r i c  tensor  e' was r e p o r te d  e a r l i e r .
The Seebeck c o e f f i c i e n t  e j j  e x h i b i t e d  a com pl ica ted  b eh av io r  a t  moderate
f i e l d s  o f  the same n a tu re  as t h a t  observed in V g j *  The h igh  f i e l d
2* 5dependence o f  was a p p r o x im a t e ly  ~H w i t h  a n e g a t iv e  v a lu e ,  whereas  
a q u a d r a t i c  dependence was exp ec ted .  The N e rn s t - E t t in g h a u s e n  c o e f f i c i e n t  
was p o s i t i v e  and s l i g h t l y  q u a d r a t i c  a t  the lowest  f i e l d s ,  but  e x a c t l y  
l i n e a r  above 500  G as e xp ec ted .
A
In computing the k i n e t i c  tensor  e",  no c o r r e c t i o n  was made f o r  the
e f f e c t  o f  the  con sta n ta n  leads .  E f f e c t s  due to  the n e g le c t  o f  e were3 cn
2 3e s t im a te d  t o  be on the o r d e r  o f  those due to  copper and hence n e g l i g i b l e
a t  a l l  but  the lowest  f i e l d s .
I n t e g r a t i o n  o f  the Bol tzmanjiequa t i on by means o f  a r e l a x a t i o n  t ime
36 37
r e s u l t e d  in Eqs. ( 9 ) -  The same t h e o r y ,  } when used to  c a l c u l a t e  a 
heat  c u r r e n t  d e n s i t y  r e s u l t s  in  the e q u a t io n s
, o o a . f ( o ) H . 2 .
He'll -  -  \  it k cTH 2(± )  — ^ r  (11a)
11 3 ' H + Cf (0£)H. ]
e1' = -  \  n2k2cTH£ - 5 ---------- !-----------   ( l i b )
12 3 ' H + L f  (ct)H. ]
f o r  the k i n e t i c  Seebeck and N e rn s t - E t t in g h a u s e n  c o e f f i c i e n t s .  The 
n o t a t io n s  and convent ions  a re  those used f o r  Eqs. (9 )  w i t h  the  a d d i t i o n  
o f  the d e n s i t i e s  o f  s t a t e s  Z. and an undetermined e m p i r i c a l  f u n c t io n  f  o f  
the s c a t t e r i n g  e f f i c i e n c y  G!. In v iew  o f  the success o f  Eqs. (9 )  in 
d e s c r ib i n g  the ga lvanom agnet ic  e f f e c t s ,  a f i t  o f  Eqs. (11 )  to  e" should  
be a t te m p te d ,  but  the necessary  low f i e l d  da ta  is not avai l a b l e  f o r  t h i s
21
a r t  i c l e .
2
Figures  10 and 11 show the h igh f i e l d  q u a n t i t i e s  H and He1̂ .
Equat ions (11 )  i n d i c a t e  t h a t  these q u a n t i t i e s  should become c o n s ta n t  a t
high f i e l d .  I t  is  e v i d e n t  from F ig .  11 t h a t  has the  expected 1/H
a s y m p to t ic  dependence. The sums o f  the  d e n s i t i e s  o f  s t a t e s  £Z. r e s u l t i n g
i 1
from the h igh f i e l d  va lues  o f  He'jg a r e  g iven  by Tab le  I I .  The £Z.  a re
much l a r g e r  than the r e s u l t  p r e d i c t e d  by f r e e  e l e c t r o n  th e o ry .  Tak ing
" I T
o n ly  two bands, Rao's  v a lu e  C -  1*3 x  10 e rg  w i l l  be assumed f o r  the  
9 “ 13new c a r r i e r s  and a concensus o f  £ = 1 .9  x 10 e rg  supported by the
tem pera ture  dependence o f  our Shubnikov-de Haas o s c i l l a t i o n s  w i l l  be used
f o r  the t i l t e d  e l l i p s o i d s . ^  Wi th n = k  x lO ^ c m  an e s t im a te  £ Z . ^ ree
i 133 — 1 - o
= 3 / 2  L n . / C j  = 0 . 8  x lO -^ e r g  cm is o b ta in e d  and seen t o  be much less  
than the va lues  o b ta in e d  from e1̂ .  The l a r g e  tem pera ture  dependence of
£Z. is a l s o  unexpected from f r e e  e l e c t r o n  c o n s id e r a t i o n s .
1 2
The gross term in does not have the 1/H h igh f i e l d  dependence
expected from Eqs. ( 1 1 ) ,  but  in s tead  the e q u i v a l e n t  o f  a 1/H dependence
2
is found as ev idenced by the  l i n e a r  b eh a v io r  o f  the H e'j'j p l o t ,  F ig .  10. 
Th is  un e xp la in e d  f i e l d  dependence may be a phonon drag e f f e c t ,  but the  
unhappy p o s s i b i l i t y  t h a t  the co n s ta n ta n  leads were r e s p o n s ib le  w i l l  have 
to  be i n v e s t i g a t e d .
5-  Phonon Drag
The th e o ry  o f  phonon drag takes  i t s  s im p le s t  form when the  l a t t i c e
therm al  r e s i s t i v i t y  is  due t o  e le c t r o n -p h o n o n  N - s c a t t e r i n g  as found in
t h i s  c r y s t a l .  A r e s u l t  o f  drag in t h a t  case is an added c o n t r i b u t i o n  to
the is o th e rm a l  P e l t i e r  c o e f f i c i e n t  o f  j t .  = C T /3ne  due t o  the l a t t i c edrag g
1+7 48s p e c i f i c  heat  C c a r r i e d  by the phonons. The r e s u l t i n g  z e r o  f i e l d
2 2
k i n e t i c  Seebeck c o e f f i c i e n t  o f  the  e le c t r o n -p h o n o n  system may thus be 
w r i t t e n  as
2, 2 e r . , , e T .
+ En ,  fi» U <_ t b — L le c  + E _ 1
e le c  drag  , i 3 9, m~
t I
e" = e" +
and the e f f e c t i v e  d e n s i t y  o f  s t a t e s  is a c c o r d in g ly
1Q - 2
e f f  -  EZe le C  + ZdPa9 -  1  E —  + —  —  —  T2  (1 2 )i a ,  z 2 z .  5 k t ,EZ
i ' i ' c I * i  -/ " 0
where the Debye formula  f o r  C has been s u b s t i t u t e d  and N is  the u n i t
9
ce 11 densi t y .
The ideas u n d e r ly in g  Eq. (12)  were e m p i r i c a l l y  extended t o  the
0 -f f
s e t  o f  va lues  o f  EZ. determ ined  from the a sy m p to t ic  b eh av io r  o f  
e1̂ ,  Tab le  11. Using our Debye © = 178°K, the e f f e c t i v e  d e n s i t y  o f  
s t a t e s  ac c o rd in g  to  Eq. (12 )  should  be
£Z?f f  = ( 0 . 8  + 0 . 7 5 T 2 ) x 1033e r g _1cm"3 . 
i '
e f f  2Thus a p l o t  o f  the e x p e r im e n ta l  q u a n t i t i e s  EZ. versus T was made, F ig .  7*
i 1
A s t r a i g h t  l i n e  and the e x p re s s io n
E Z ? ^  = ( 1 .5 2  + 0 . 5 9 T 2 ) x 1033e rg  *cm 3 
i 1
were found.  The agreement between these two e q u a t io n s  based on the s implest  
o f  phonon drag t h e o r i e s  is  e x t r a o r d i n a r y .  A somewhat h ig h e r  cho ice  of  
© c o n s i s t e n t  w i t h  the n o t io n  t h a t  o n ly  the l o n g i t u d i n a l  phonons should  
p a r t i c i p a t e  in the drag ,  would b r i n g  the drag terms i n t o  p e r f e c t  agreement ' 
and the magnitude o f  the e x t r a p o l a t e d  f r e e  e l e c t r o n  d e n s i t y  of  s t a t e s  is 
now reasonab le  a l th o u g h  s t i l l  about  tw ice  the t h e o r e t i c a l  v a lu e .  I t  is  












w ith  a smooth curve passing through each data p o in t .  One might thus 
specula te  th a t  an increas ing  f r a c t i o n  of e l e c t r o n - i m p u r i t y  s c a t t e r in g  
w ith  decreasing temperature would so modify the drag term, but the accuracy  
of  the data po in ts  does not warrant  p la c in g  any weight  on such an ex tens ion .  
A b e t t e r  f re e  e l e c t r o n  i n te rc e p t  would a ls o  be obtained by ignor ing the 
p o in t  a t  k°K  on the grounds th a t  th is  p o in t  was modif ied  by the l a s t  
ves t ig es  of  the U-process.  On the o ther  hand, those who advocate a th re e -
band model may welcome the high d e n s i ty  o f  s ta te s  as evidence of  a band of
7
heavy c a r r l e r s .
The high d en s i ty  o f  s ta te s  c a lc u la te d  from e" measurements for  
bismuth should p o s s ib ly  a ls o  be a t t r i b u t e d  to phonon drag,  but the i n t e r -
A
p r e t a t i o n  is unc lear  because e" was not s i g n i f i c a n t l y  temperature dependent
50 51
in bismuth. I t  has been suggested th a t  due to  the p o s s i b i l i t y  of
A
" s a t u r a t io n "  e f f e c t s ,  the absence of temperature dependence in e "  should  
not ru le  out the presence of  a large phonon drag c o n t r i b u t io n  to
o f f
£Z. . These re s u l ts  may a ls o  throw some l i g h t  on the high d e n s i t ie sj i
52of  s ta tes  obtained from s p e c i f i c  heat measurements reported  fo r  antimony
53and bismuth. J
Phonon drag e f f e c t s  are f re q u e n t ly  assumed to be n e g l i g i b l e  a t  
helium temperatures.  Ins tead ,  i t  has been poss ib le  to show in a s t r a i g h t -  
forward manner th a t  f o r  antimony the thermopowers are dominated by drag 
throughout the l iq u i d  helium range. Should th is  be true o f  o ther  m eta ls ,  
the d e n s i t i e s  o f  s ta te s  obta ined from thermopower measurements may not 
have an i n t e r p r e t a t i o n  so s t r a ig h t f o r w a r d ,  as the presence of  o ther  than 
e lec tron-phonon N - s c a t t e r in g  w i l l  be most l i k e l y .
2k
D. O s c i l l a t io n s  in the Transport  C o e f f i c ie n t s
1. Descr i pt i ve
O s c i l l a t io n s  due to  Landau q u a n t i z a t io n  w i th  the t r i g o n a l  ax is
“ 7 “ 1 8p er iod  A ( l / H )  = 10.1 x 10 G of  the Shoenberg t i l t e d  e l l i p s o i d s  were
found in a l l  o f  the t ra n s p o r t  c o e f f i c i e n t s  except y  j and the corresponding
Fa in t  o s c i l l a t i o n s  were observed in y but were discounted as a
spurious e f f e c t  due to  probe misal ignment or the P e l t i e r  heat of  phonon
drag.
The o s c i l l a t i o n s ,  Figs.  8 -1 1 ,  in the galvanomagnetic and th e r m o e le c t r ic  
c o e f f i c i e n t s  a re  shown in terms of  the q u a n t i t i e s  HCT̂  , e t c . ,  which
should become constant  f o r  the gross component of  the e f f e c t s  under 
asymptot ic  (H »  H . ) c o n d i t io n s ,  Eqs. (9) and (11 ) .  The o s c i l l a t i o n s  
co n ta in  beats and o ther  i r r e g u l a r i t i e s  in the am pl i tude .  The three  
e l l i p s o i d  per iods do not degenerate i n to  a s in g le  per iod  unless the f i e l d  
is o r ie n te d  w e l l  w i t h i n  1° o f  the t r i g o n a l  a x i s ,  and i t  was not poss ib le  
to ob ta in  such p re c is e  a l ignment w i th  the r i g i d  c a l o r i m e t r i c  apparatus.
The presence o f  n o n - i d e n t i c a 1 beat c o n d i t io ns  due to  minute angular  
v a r i a t i o n s  in the measurement o f  severa l  exper im enta l  c o e f f i c i e n t s  
requ ired  f o r  the computat ion o f  a s in g le  k i n e t i c  c o e f f i c i e n t  produced some 
i r r e g u l a r i t y  o ther  than th a t  o f  the dominant bea ts .  Antimony is thus not  
an idea l  sub jec t  f o r  the measurement o f  o s c i l l a t i o n  ampl itudes and 
q u a n t i t a t i v e  comparison w i t h  theory ,  though in the present  s t a t e  of  
the theory  t h is  should cause l i t t l e  concern.
In every  e f f e c t ,  the o s c i l l a t i o n s  were almost p e r f e c t l y  s in u s o id a l  
and almost w i thou t  harmonics, a l though some second harmonic could be seen 
in  dur ing the beats .
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2. The S t a t e  o f  the Theory
A q u a n t i t a t i v e  th e o r y  as s a t i s f a c t o r y  as t h a t  o f  the de Haas-van  
Alphen e f f e c t  has not  been deve loped f o r  the t r a n s p o r t  e f f e c t s .  Due to  the  
c o m p l i c a t io n s  o f  s c a t t e r i n g  the  e f f e c t s  cannot  be e x p l a i n e d  d i r e c t l y  in
54
terms o f  the  grand c a n o n i c a l  p o t e n t i a l  as is done f o r  the s u s c e p t i b i t y .  
P re s e n t  t h e o r i e s  f a l l  i n t o  two c a t e g o r i e s :  those t h a t  t r e a t  the o s c i l l a t i o n s
nQ
as due t o  f l u c t u a t i o n  in  the c a r r i e r  d e n s i t y ,  and those t h a t  o b t a i n
o s c i l l a t i o n s  as a r e s u l t  o f  the  e f f e c t  t h a t  q u a n t i z a t i o n  has on s c a t -  
39 kO 55  56t e r i n g .  * | n e v e r y case j  the o s c i l l a t i o n s  have been t r e a t e d
as a m o d u la t io n  o f  the  gross e f f e c t  ( - ) .  Thus, the t o t a l  t r a n s p o r t  
c o e f f i c i e n t  i s ,  f o r  example ,  w r i t t e n  CT^ =
0
Three independent  mechanisms have been t r e a t e d :  ( i )  Z i l ' b e r m a n
c o n s id e r e d  s c a t t e r i n g s  between s t a t e s  o f  the Landau l e v e l  c l o s e s t  t o  the  
Fermi s u r f a c e  and s t a t e s  o f  o t h e r  occup ied  l e v e l s .  Using a d i s t r i b u t i o n  
f u n c t i o n ,  CT^ and e'j'j were c a l c u l a t e d .  ( i i )  Working through the  grand
nO
c a n o n ic a l  p o t e n t i a l ,  L i f s h i t z  and Kosevich (LK) a t te m p te d  to  ex te n d  t h e i r
s u s c e p t i b i l i t y  th e o r y  to  the t r a n s p o r t  e f f e c t s .  Formulae f o r  CXjj and CT^
were o b t a i n e d ,  w i t h  o s c i l l a t i o n s  a r i s i n g  from n, an o s c i l l a t i o n  in  the
39c a r r i e r  d e n s i t y  a t  the  Fermi s u r f a c e .  ( i i i )  Adams and H o l s t e i n  (AH) 
a p p l i e d  the d e n s i t y  m a t r i x  method to  Z i l ' b e r m a n ' s  mechanism and, in 
a d d i t i o n ,  o b t a i n e d  a second term r e p r e s e n t i n g  the s c a t t e r i n g s  between  
s t a t e s  e n t i r e l y  w i t h i n  the l e v e l  l y i n g  c l o s e s t  to  the  Fermi s u r f a c e .
Only CTjj  was c a l c u l a t e d .
I t  should  be p o in t e d  out  t h a t  a c h o ic e  between these  t h e o r i e s  is 
unn ecessary .  As each mechanism i s ,  t o  a g r e a t  e x t e n t ,  independent  o f  
the  o t h e r s ,  t h e i r  r e s u l t s  a r e  sup erposab le  w i t h i n  a phase. Of these
26
r e s u l t s ,  the second AH term was neglected in the comparison of  the theor ies
t o  the data* Although the second AH term can be very large  a t  high f i e l d s
and ex trem ely  low temperatures,  a simple c a l c u l a t i o n  from the AH
formulae showed the second AH term to be i n s i g n i f i c a n t  in comparison to
the Z i l 'b e rm a n  term fo r  the f i e l d s  and temperatures of the present  work.
A v is u a l  inspect ion  of  the s in u s o id a l  na ture  o f  the o s c i l l a t i o n s  is ,  in
f a c t ,  a c l e a r  in d ic a t o r  th a t  the second AH term should not be considered.
56A usefu l  ex tens ion  was made by Horton which a p p l ie d  the d en s i ty  
m a tr ix  formal ism to the Z i l 'b e rm a n  s c a t t e r i n g  and extended i t  to f in d  
expressions fo r  ( 7 ^  ar|d e i 2 * There is a ls o  an important o s c i l l a t o r y
a
term in e" which simply a r i s e s  by s u b s t i t u t i n g  an o s c i l l a t o r y  d en s i ty  of
s ta te s  term (DS), obta ined  by d i f f e r e n t i a t i n g  the phase o f  Eq. ( 1 4 ) ,
2 ^in to  the c l a s s i c a l  equat ions ,  Eq. (11 ) .
Measured ampl itudes of  the o s c i l l a t i o n s  reported  here were compared
w i th  the ampl itudes p r e d ic te d  by the Z i l 'b e rm a n  and Horton (ZH) theor ies
and w i th  the LK and DS re s u l ts  where a p p l i c a b l e .  An a d d i t i o n a l  summary
o f  quantum t ra n sp o r t  th e o r ie s  in the present  n o ta t io n  may be found in
2 -4the a r t i c l e s  by Gren ie r  e t  a 1.
A
3 . Osci 1 l a t  i ons i n the Conduct i v i t y  (T
^  *“ w
Measured values of  r e l a t i v e  and abso lu te  ampl itudes o f  and a
f o r  severa l  temperatures and f i e l d s  are  compared in Table M l  w i th  LK
and ZH ampl itudes.
The complicated LK formulae take a ra th e r  simple form in the case of
4
two compensated bands. The three e l l i p s o i d  LK c o n t r i b u t io n  to  be 
expected in antimony when a l l  bands are asymptot ic  is
26a
TABLE l i t .  Measured am pl i tudes  o f  o s c i l l a t i o n s  in  the components 
C T .  o f  a  as a percentage  x 100° / o  o f  the monotonic grossGcp Ofp1 u p
e f f e c t  and measured a b s o lu te  a m p l i tude s  • Comparison to  a b s o lu te
a m pl i tude s  p r e d i c t e d  by L i f s h i t i - K o s e v i c h  (LK) and Z i 1 1berman-Horton (ZH)
t h e o r i e s .  LK am pl i tudes  were computed from Eqs. (13 )  and (14 )  us ing  the
measured gross c o n d u c t i v i t i e s  f o r  <7-.* ZH am pl i tudes  were computed from
otp
Eqs. (15)  us ing the  curve  f i t  pa ram e te rs ,  Table  I ,  o f  the e l e c t r o n  band to  
compute the c o n t r i b u t i o n s  t o  the gross c o n d u c t i v i t i e s  from the  t i l t e d
e l l i p s o i d s .  Data is  f o r  th r e e  approx im ate  bea t  maximum f i e l d  va lues  
va lues  a t  each o f  f o u r  tem pera tu res .
| 5 „ l Iff 1 Iff 1 l® .e * Iff 1 Irf 1 Iff
5 n
la l l ‘ ' a i l ' l ^ l l l
5 u>
1 12 ' * 12 ' ' 1 2
Meas. Meas. LK ZH Meas. Meas. LK ZH















0 . 5 1 .9 • 36 34
1 . 6°K 0 . 6 1 .6 -38 29
1 . 2 2 . 7 .38 27
0 . 5 1.9 .2 7 26
2- 1°K 0 . 7 2 . 0 •31 24
1-3 2 . 8 *31 23
0 . 3 1.4 . 14 14
3 . 0°K 0 . 5 1 .4 -20 16
0 . 8 1 .9 .2 4 16
0 -3 1-5 .0 8 7
4 . 0°K 0 . 2 0 . 5 . 1 2 9
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where <7 Is the measured gross component o f  and the s u p e rs c r ip ts  on
g
the chemical p o t e n t i a l  C denote the bands corresponding to  Shoenberg's
9t i l t e d  (T) and S e i t o 's  warped (W) e l l i p s o i d s .  The r e l a t i v e  ampl i tude  
o f  the fundamental o s c i l l a t i o n  in c a r r i e r  d e n s i ty  is
fj - <fn)<K«)3/S ira rT « - f f  ♦ *> * <>« ■
where P̂ . is the per iod  A ( l / H )  o f  the o s c i l l a t i o n  and = (2it^kT) /(C^P^H)  
is the temperature f a c t o r .  The e f f e c t  of the s p l i t t i n g  f a c t o r  cositm /m 36 
i s sma11•
The ZH formulae used a re  not s t r i c t l y  a p p l i c a b l e ,  as they were 
der ived  o n ly  fo r  a s p h e r ic a l  energy su r face .  The ZH ampl i tude is 
expressed in terms o f  the c o n t r i b u t io n  to  the  gross e f f e c t  by the
band which gives the o s c i l l a t i o n s ,  namely,
•a :  T 5 / 2  . .>1 /2  T ,2n  5n> >
a i r  ° n  > r  <pt h) i T r t h K ; cos(? 7  ■ r } > (15a)
s  .  S T 1M  Ml 1/2 —-  5 12 ^  ^  c o s f f ^  -  £ )  . ( l 5b)
In the present  approx im at ion ,  the LK and ZH equat ions d i f f e r  m ain ly  in
t h e i r  f i e l d  dependence.
~  4
The r e s u l t s  f o r  <7^ d i f f e r  somewhat from those o f  Rao e_t a_l. who
obta ined r a t h e r  good agreement between Z i l ' b e r m a n 's  (T ^  formula and t h e i r
da ta ,  but found the LK p r e d ic t io n s  f o r  |cTj j | to  be roughly on ly  1/40 o f
t h e i r  measurement. The LK |cj^j|  p r e d ic t io n s  a r e  up to  about 1 /10 o f  our
measurements, w h i l e  the Z i l ’ berman r e s u l t s  a re  about 10 t imes the
28
exper im enta l  va lues .  These d i f f e r e n c e s  may be consequences of  phonon 
s c a t t e r i n g  in t h is  c r y s t a l  as opposed to im pur i ty  s c a t t e r i n g  fo r  Rao,
f o r  the two types of s c a t t e r i n g .
■■w
Both LK and ZH underest imate  the ampl itudes o f  though the ZH
p r e d ic t io n s  are  r a t h e r  c lose  a t  the h igher  temperatures.  The LK values  
are  15 to  40 t imes too smal l .
The r e l a t i v e  phase o f  the o s c i l l a t i o n s  bears ment ioning .  Whereas 
CTjj and <Tj2 should be in phase according to LK and out of phase according  
to  ZH, the measured c o n d u c t iv i t i e s  d i f f e r e d  in phase by s l i g h t l y  less  
than n /2 .
a
U. Osci l l a t i  oris i n the Thermoelectr  i c Tensor 1
Measured values of r e l a t i v e  and abso lu te  ampl itudes of  and
j e'l'gl fo r  severa l  temperatures and f i e l d s  are compared in Table IV w i th  
OS and ZH ampl itudes.
J |
In the ZH formulae,  Horton's  express ion fo r  has been m odi f ied  by
the emperica l  fu n c t io n  f  of  the s c a t t e r i n g  e f f i c i e n c y  a  w i th  the r e s u l t
Again i t  is noted th a t  the expressions are  only  s t r i c t l y  a p p l i c a b l e  to
the t i l t e d  e l l i p s o i d s ,  i t  was necessary to  make some assumption as to
^9
although t h e o r e t i c a l  con s id e ra t io n s  in d ic a t e  about equal ampl itudes
(16a)
• ]cos (^ ~ j  ~ J 1) * ( 16b) 
T
a s p h e r ic a l  band. In computations o f  the gross e f f e c t  c o n t r i b u t io n  from
which band the t i l t e d  e l l i p s o i d s  should be ass igned.  The usual 1*+, 16
e le c t r o n  assignment was made, though w i t h  some m is g iv in g .
28a
TABLE IV. Measured ampl itudes o f  o s c i l l a t i o n s  in the components e"
a P
of  e" as a percentage | e ^ |  x 100° /o  o f  the monotonic gross e f f e c t
and measured absolu te  ampl itudes • Comparison to  abso lu te  ampl itudes
p re d ic te d  by d e n s i ty  o f  s ta te s  (OS) o s c i l l a t i o n s ,  and Z i 1 'berman-Horton (ZH) 
theory .  DS amplitudes were c a lc u la t e d  from Eqs. ( 1 4 ) ,  (17)> and (1 8 ) .  ZH 
amplitudes were computed from Eq. (16) using parameters o f  the e l e c t r o n  
band, Table  I ,  to  c a l c u l a t e  the gross e f f e c t  c o n t r ib u t io n s  of  the
t i l t e d  e l l i p s o i d s .  These numbers are  only of  order  o f  magnitude accuracy,
as the band parameters e n t e r in g  the t h e r m o e le c t r ic  e f f e c t s ,  having not been
measured, could on ly  be es t im a ted .  For f ( a )  the p u re ly  a r b i t r a r y  fu n c t io n
P " 1  / P
[(1+Qf ) / 2 ]  was assumed. The l e f t  column ZH values a t  each p o in t  were c a l -
W T W
c u la te d  from a f r a c t i o n  C / (C ”C ) the measured ( in c lu d in g  drag) dens ity
of s ta te s  w h i le  the r ig h t  column values in parentheses were computed using the 
t h e o r e t i c a l  va lue  3 / 2 ( n /C ^ ) .
R . i
R i i l l ~ v , l l~"  11 en l
l~"  11 G1?l
l~Vpi 1 e l 2 l H
*11 e l 2 Approx.
Meas. Meas. OS ZH Meas. Meas. DS ZH Meas.
° / o - 4  10 ha - 4  10 ha - 4  10 hA ° / o - 4  10 hA l O ^ A 10~^A
cm°K cm°K cm°K cm°K cm°K cm°K kb
.6 2 180 (46) 0 . 5 13 120 •53 . 1 4 )  13
1 . 6 °K 20 3-9 •53 132 (34) 0 .8 16 126 *33 . 0 8 ) 16
19 3 -4 .48 112 ( 28 ) 0 . 6 11 126 .24 . 0 6 ) 17.6
.67 260 (46) 0 .6 29 118 • 91 . 16) 13
2. 1°K 15 4 . 8 .60 214 ( 3 8 ) 0 .8 29 131 . 64 . 11) 16
•57 187 (33) 0 .8 27 136 .48 . 0 8 ) 17.6
•57 310 (33) 0 . 4 47 89 1-5 • 16) 13
3- 0°K 10 7 .0 .61 313 (33) 0 .4 41 118 1-3 •13)  16
.61 298 ( 3 0 ) 130 1. 1 . 11) 17 .6
.40 229 ( 16) 60 1-5 .11 )  13
4.  0°K 4 -5 5 -5 .50 300 (21 ) 0 . 1 25 92 1-7 . 12) 16
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The DS o s c i l l a t i o n s  o r i g i n a t e  in the d e r i v a t i v e  dn/d£ o f  the f a c t o r  
cos(2rt/PyH) in Eq. (1*+) w i t h  the r e s u l t
V (1t)
.y T
v a l i d  f o r  a Fermi sphere w i t h  P̂ . = eh/m" cC • The c l a s s i c a l  Eqs. (11)  
w i l l  then o s c i l l a t e  a c c o rd in g  t o  the r e l a t i o n
V - W v  (18)
The use of  Eq. (18)  is not r i g o r o u s l y  j u s t i f i e d ,  but  g ives  some i n s i g h t ,  
a t  l e a s t ,  i n t o  the  r o l e  t h a t  the c a r r i e r  d e n s i t y  f l u c t u a t i o n  p lays  in 
the thermopowers.
I ̂  |
The DS th eo ry  u n d eres t im a tes  (by about  a f a c t o r  10) as should be
expected  f o r  a l o n g i t u d i n a l  e f f e c t  s e n s i t i v e  m a in ly  to  s c a t t e r i n g .  The 
ZH th eo ry  p r e d i c t s  a r e s u l t  3 to  8 t imes t h a t  measured f o r
The converse was found f o r  w i t h  the DS th eo ry  g i v i n g  o s c i l l a t i o n s
3 to  10 t imes those measured and the ZH th e o ry  p r e d i c t i n g  less than l ° / o  
o f  the measured e f f e c t .  As the  t ra n s v e r s e  e f f e c t s  a re  not v e r y  s c a t t e r i n g  
s e n s i t i v e  a t  h igh f i e l d ,  the ZH th eo ry  should be expected  to  g ive  a low 
r e s u I t .
^  <«■«*»
The phase between e1̂  and e' '̂p was found to  be approxi  m a te ly  5 n / 8 ,  
w i t h  the o s c i l l a t i o n  a lm ost  e x a c t l y  in phase w i t h  ^ jg *  The ZH
th eo ry  p r e d i c t s  a d i f f e r e n c e  o f  n between and e' '̂g*
O s c i l l a t o r y  t r a n s p o r t  t h e o r i e s  u s u a l l y  f a i l  by p r e d i c t i n g  a r e s u l t  
l ess than the measured e f f e c t .  The p re s e n t  s i t u a t i o n ,  w i t h  o v e re s t im a te s  
f o r  C jj and e' j j  by ZH and f o r  e'j1 by DS is  u n u s u a l .^ *  ^ The p o s s i b i l i t y  
t h a t  the p r e d i c t i o n s  cou ld  be reduced by c o l l i s i o n  broadening may be 
cons idered .  In the DS th e o r y ,  f o r  in s ta n c e ,  Eq. (18)  might  be m u l t i p l i e d
30
by a broadening term exp(2n/oJTc ) as used by Adams and H o ls te in ,  where
to is the c y c lo t ro n  frequency and Tc is  a c u t o f f  time expected to  be
comparable in magnitude to the r e l a x a t io n  t ime T.  In order  to reso lve
the d i f f e r e n c e  between the measured and DS values o f  | e ' ^ l  by such a
- 12
term, however, c u t o f f  t imes o f  o rder  10 sec would be re q u i re d ,  whereas 
the r e l a x a t io n  t imes c a lc u la t e d  from the s a t u r a t io n  f i e l d s  o f  the low 
f i e l d  galvanomagnetic e f f e c t s  are  o f  order  10 ^ s e c .
5* Osc i 1 la t i ons i n the L a t t  i ce Conduct iv i  ty
O s c i l l a t i o n s  in the l a t t i c e  thermal r e s i s t i v i t y  Fig* 12, were
not of  the usual type th a t  a r i s e  by an a p p l i c a t io n  o f  the Wiedemann-Franz
law to  Of. I t  was p r e v io u s ly  observed th a t  in f i e l d s  g r e a te r  than a few 
ki logauss y ^  X^. In accordance w i th  th is  obs erva t io n ,  the o s c i l l a t i o n s  
in w i l l  be shown to be the r e s u l t  o f  o s c i l l a t i o n s  in the l a t t i c e  
conduc t i v i t y .
The o s c i l l a t i o n s  in y ^  are  in phase w i th  and have the per iod
g
and t y p i c a l  beats o f  the Shoenberg e l l i p s o i d s .  The temperature  
dependence o f  the ampl i tude is e x c e p t io n a l l y  l a rg e .
As i t  was known th a t  s c a t t e r i n g  by e le c t r o n s  l im i te d  the gross 
l a t t i c e  c o n d u c t iv i t y ,  F ig .  2, i t  seemed l i k e l y ,  upon observing the e f f e c t ,  
th a t  the o s c i l l a t i o n s  were due to the f l u c t u a t i o n  in the number of  
s c a t t e r i n g  c e n te rs ,  Eq. { I k ) .  Several  o ther  poss ib le  o r ig in s  were 
considered,  however.
The Wiedemann-Franz law is always a t  l e a s t  q u a l i t a t i v e l y  a p p l i c a b le  
in a m eta l .  Thus, i f  o s c i l l a t e s ,  i t  is  normal to f in d  o s c i l l a t i o n s  
in the e l e c t r o n i c  component o f  the thermal  c o n d u c t iv i t y  w i th  an ampl itude
31
under asy m pto t ic  c o n d i t io n s  g iven  by | X '^  | = (1/Oc) L^T |CTj j | .  When the
e
measured values  o f  (O' j j l  were s u b s t i t u t e d  i n t o  t h i s  r e l a t i o n ,  a number 
of  o rd e r  10 fW/cm°K was found f o r  1 .6 °K  as compared to  a measured 
| XV | 10 W/cm°K. Wiedemann-Franz law o s c i l l a t i o n s  cou ld  a l s o  be
'- w
r u l e d  out  from phase cons i d e ra t  i ons, as y ^  and <7^ should be n out  
o f  phase f o r  the Wiedemann-Franz law.
The p o s s i b i l i t y  t h a t  the o s c i l l a t i o n s  in might  be a thermo­
e l e c t r i c  e f f e c t  was a l s o  e l i m i n a t e d .  The k i n e t i c  X" and the e x p e r im e n ta l
a 1 / A 2 ~ - 1 “ 1 v
y  a r e  r e l a t e d  by X" = y  (1 + e 1 p y  T ) .  Thus a case cou ld  c o n c e iv a b ly
A 2*  ■ j A .  1
a r i s e  where an o s c i l l a t i o n  o f  y ^  would o r i g i n a t e  in the term ( e 1 p y  ) j j . 
In the p rese n t  case ,  t h i s  term approximates  to  ^ l ^ l l ^ l l  anc* a t  1*6°K,  
when the l a r g e s t  o s c i l l a t i o n s  occur ,  rep resen ted  a c o r r e c t i o n  o f  2 . 5 ° / o
j
to  the e x p re s s io n  A^'j «  (y  O s c i l l a t i o n s  in and CT^ were no more
than 2 ° / o  and l ° / o  o f  t h e i r  r e s p e c t iv e  gross e f f e c t s .  The o s c i l l a t i o n
in e ' . ^ c r . i / y , ,  could  thus be . l 2 5 ° / o  o f  y . ,  a t  most. As the measured 
2 1 1 1 1 1  i l
e f f e c t  is as h igh as . 6 ° / o o f  y ^  a t  1 .6 °K ,  t h i s  source o f  the e f f e c t
*
is e l i m i n a t e d  from f u r t h e r  c o n s id e r a t i o n .
A t h i r d  and more l i k e l y  source o f  the o s c i l l a t i o n s  would be the
occurrence  o f  a m a g n e to c a lo r ic  e f f e c t  in the sweeping f i e l d .  Such an
e f f e c t ,  which would be an iso th erm a l  form o f  the magnetothermal o s c i l l a -
57t io n s  rep o r ted  by Kunz le r  e_t a_l* cou ld  p o s s ib ly  be found in b ismuth,  
i f  not in  ant imony,  and would , most s i g n i f i c a n t l y ,  be a d i r e c t  measure
cO
o f  the grand c a n o n ic a l  p o t e n t i a l  Q. There e x i s t s  a c l e a r  e x p e r im e n ta l  
d i s t i n c t i o n  between l a t t i c e  c o n d u c t i v i t y  and m a g n e to c a lo r ic  o s c i l l a t i o n s .  
Since m a g n e to c a lo r ic  e f f e c t s  o n ly  appear in changing f i e l d s ,  s t a t i c  f i e l d  
measurements showing the f i e l d  o s c i l l a t o r y  b eh av io r  o f  F ig .  12 proved the
32
e f f e c t  d e f i n i t e l y  not o f  the m ag n e to c a lo r ic  type .
59S t e e le  and Babishk in  observed o s c i l l a t i o n s  o f  a s i m i l a r  n a tu re  in
bismuth which they  i n t e r p r e t e d  as be ing o s c i l l a t i o n s  in the l a t t i c e
c o n d u c t i v i t y .  U n f o r t u n a t e l y ,  no q u a n t i t a t i v e  a n a ly s is  o f  t h e i r  data
could  then or  can now be made as t h e i r  f i e l d  was d i r e c t e d  p e r p e n d ic u la r
to ,  r a t h e r  than p a r a l l e l  to  the  t r i g o n a l  a x i s ,  nor is i t  c l e a r  whether
or not a p o i n t  by p o in t  measurement was made.
Although an e x a c t  theory  o f  o s c i l l a t i o n s  in the l a t t i c e  c o n d u c t i v i t y
would be q u i t e  in v o lv e d ,  i t  was found t h a t  a good ( f o r  o s c i l l a t o r y
t r a n s p o r t  e f f e c t s )  q u a n t i t a t i v e  d e s c r i p t i o n  o f  our data could be o b ta in ed
from s im ple  c o n s id e r a t io n s  a lo n g  the l in e s  suggested by S t e e le  and Babishkin
I f  the usual two-band model is assumed, and the c a r r i e r s  o f  each
band s c a t t e r  the phonons ind ep e n d en t ly  o f  the o th e r  band, then  
T W+ Vg . Equat ions {5 ) and (6)  then imply a r e l a t i o n
2  2y  = An^ + Bn^ a t  a g iven  te m p era tu re .  Thus, i f  the  o s c i l l a t i o n s
are  due to  f l u c t u a t i o n s  An o f  the Shoenberg e l l i p s o i d s ,  and the c o n s t r a in t ?
I
An^. = An^ and n̂ . = n^ o f  two compensated bands a r e  imposed, the r e l a t i o n  
A y ^ /y ^  = aA r t j / r i j  r e s u l t s .  The e f f e c t  was thus an a lyz e d  in terms of  an 
e x p re s s io n  o f  the form
\ y
9 ‘ = P , (19)
which r e l a t e s  the r e l a t i v e  am p l i tudes  o f  the therm al  r e s i s t i v i t y  o s c i l ­
l a t i o n s  to  the r e l a t i v e  a m p l i tude s  o f  the number o f  c a r r i e r  o s c i l l a t i o n s
as d e f in e d  by Eq. ( 1 4 ) .
The v a lu e  o f  p may depend on many f a c t o r s .  The s im p le s t  e s t im a te



















fo l lo w s  t h a t  j n| /n  4 a^n^./n^.. In s te a d ,  the e f f e c t i v e  v a r i a t i o n  in the
number o f  c a r r i e r s  f o r  a two-band model is An_ = An.. = [ Z _ / ( Z _ + Z , .) Jn,.T W T T W W
+[Zy/ (Z^.+ Zy) Jn .̂ and as the o s c i l l a t i o n s  n a r e  from the t i l t e d  e l l i p s o i d s  
o n ly  one has An^ = [ C j / ( C j +C y ) T h u s ,  from on ly  these few c o n s id e ra t io n s
a va lue  p = 1 .2  is to  be expected.  Values o f  l n | / n an(* 0 a re
given in Table  V. They f a l l  in the range .5  < 0 <  2* 1, a r a t h e r  remarkable  
p r o x im i t y  to  the p r e d ic t e d  va lue  in v iew o f  the o v e r s i m p l i f i c a t i o n s  
e x e rc is e d  in o b ta in in g  t h a t  va lu e .
A more e x a c t in g  theory  o f  t h is  e f f e c t  may need to  cons ider  such 
d e t a i l s  as the r e l a t i v e  s c a t t e r i n g  e f f i c i e n c i e s  o f  e l e c t r o n s  and holes  
on t ra n s v e rs e  and l o n g i t u d i n a l  phonons, and perhaps some aspect  o f  phonon 
drag.  Some f e a t u r e  of  phonon drag may be the e x p la n a t io n  of the la rg e  
temperature  dependence( \ y ^^| increases ten f o l d  between 2.  1°K and 1 . 6 ° K . ) 
The d im in is h in g  o f  the drag in the d e n s i t y  of  s t a t e s  as the tem perature  is
decreased, F ig .  rJ, may have i t s  c o u n te r p a r t  in the l a t t i c e  c o n d u c t iv i t y
as the removal o f  a damping e f f e c t .
V. CONCLUSIONS
This study brought out a somewhat unique f e a t u r e  o f  ant imony when 
i t  is as pure as the c r y s t a l  used f o r  t h is  work, as a case o f  n e a r ly  
pure e lec t ron -phonon  normal process s c a t t e r i n g  was observed.  In the few 
o th e r  m eta ls  where i t  is p o s s ib le  to  i s o l a t e  the l a t t i c e  c o n d u c t i v i t y  
e i t h e r  U-processes or  boundary s c a t t e r i n g  a re  l i k e l y  to  be a t  l e a s t  as 
important  as the N-process.  Pure e - p  N - s c a t t e r i n g  would probab ly  be 
the case fo r  the thermal  c o n d u c t i v i t y  in any good sample o f  ant imony,  
but  the high p u r i t y  o f  t h i s  sample made i t  p o s s ib le  to  a l s o  observe
33a
TABLE V. Measured r e l a t i v e  amplitudes l ^ i J j  x 100° /o  o f  o s c i l ­
la t io n s  in the l a t t i c e  thermal  r e s i s t i v i t y } " ^  compared to r e l a t i v e
9
amplitudes a t  the same two f i e l d s  and temperatures o f  the f l u c t u a t i o n
n in the number of  c a r r i e r s  o f  the t i l t e d  e l l i p s o i d s .  Good agreement
is found in the parameter  f3 computed from the r e l a t i o n I V g l ^ g  * 3 | n/n |
and t h e o r e t i c a l l y  o f  o rder  u n i t y .  The values o f  J n/n| were computed
from Eq. ( 1 * 0 .
T(°K )
1*111
— —  x 100° / o  
*11
|n|



















idea l  behavior  in the e l e c t r i c a l  c o n d u c t iv i ty  a t  the low temperatures
necessary f o r  an N-process to dominate the U-process. These conclusions
7
were demonstrated by a T dependence o f  the r a t i o  of  the l a t t i c e  thermal  
and idea l  e l e c t r i c a l  c o n d u c t iv i t i e s .  Only q u a l i t a t i v e  considerat ions  
could be o f fe re d  to ex p la in  the anomalous behavior o f  the in d iv id u a l  
c o n d u c t iv i t i e s  leading to the idea l  T law, but a weakness in what has 
been a ra th e r  g e n e ra l ly  accepted theory has been c l e a r l y  demonstrated.
In the low f i e l d  study of  the galvanomagnetic c o e f f i c i e n t s ,  the 
r e la x a t io n  time concept was found to have wider a p p l i c a b i l i t y  than 
g e n e ra l ly  supposed. A l l  of  the k i n e t i c  c o e f f i c i e n t s  were described  
q u i t e  w e l l  by the standard two-band Sondheimei—Wilson theory based on 
the ex is tence  of  a time of  r e la x a t io n ,  w ith  two exceptions:  ( l )  Low
f i e l d  data fo r  cr^  and CT^ were i n d iv id u a l l y  very w e l l  described by 
the theory,  but a cons is ten t  set  of parameters could not be assigned  
to both c o n d u c t iv i t i e s .  This was one of  severa l  fea tures  o f  the t ransport  
data thought to be an in d ic a t io n  of the presence of  a t h i r d  band. (2) The 
f i e l d  dependence of  e'jj was anomalous. Phonon drag may have been respon­
s i b l e  for  the anomaly.
The ex is tence  of n ea r ly  pure e-p  N -s c a t te r in g  in both e l e c t r i c a l  and 
thermal processes resu l ted  in an ana lys is  o f  the large and temperature  
dependent "Nernst-Et t inghausen"  dens i ty  of  s ta tes  in terms of  a 
very simple phonon drag theory.  A successful exp lanat ion  o f  the data 
in th is  way proved the ex is tence  of  a large phonon drag e f f e c t  in a range 
of temperatures where i t  is not g e n e ra l ly  expected,  and may have im p l i ­
cat ions toward the large density  of s ta tes  values reported fo r  semi­
metals in general.
The am pl i tudes  and phases o f  the o s c i l l a t o r y  e l e c t r i c a l  and thermo­
e l e c t r i c  c o e f f i c i e n t s  d id  not f i t  any o f  the a v a i l a b l e  t h e o r ie s  p a r t i ­
c u l a r l y  w e l l ,  but the f a i l u r e  was unusual in t h a t  s e v e r a l  o f  the  t h e o r e t i c a l  
am p l i tu d e  p r e d i c t i o n s  were g r e a t e r  than the measured e f f e c t .  The s u p p o s i t ic  
t h a t  l a r g e  p r e d i c t e d  a m pl i tude s  cQuld be decreased to the measured va lues  
by the i n c lu s io n  o f  a c o l l i s i o n  broadening term cou ld  not be j u s t i f i e d  
w i t h  a reasonable  v a lu e  o f  the c u t o f f  t ime.
O s c i l l a t i o n s  in the n e a r l y  c o n s ta n t  thermal  r e s i s t i v i t y  a t  h igh f i e l d  
were concluded to  be a consequence o f  o s c i l l a t i o n s  in  the l a t t i c e  
c o n d u c t i v i t y .  Comparison o f  measured am pl i tudes  o f  the o s c i l l a t i o n s  in 
the thermal  r e s i s t i v i t y  to the  t h e o r e t i c a l  r e l a t i v e  am pl i tudes  o f  the  
c a r r i e r  d e n s i t y  o s c i l l a t i o n  led t o  the con c lu s ion  t h a t  o s c i l l a t i o n s  in
the l a t t i c e  c o n d u c t i v i t y  were due to  s c a t t e r i n g  o f  the l a t t i c e  wave by
2




The purpose o f  th is  appendix is to expand the d e t a i l s  of  the e x p e r i ­
mental apparatus beyond those o u t l in e d  in the main t e x t .  The apparatus
and measuring techniques were an evolved and extended form o f  those used
2 3in the e a r l i e r  work o f  Gren ie r  e_t aj^ and t h e i r  d e s c r ip t io n  w i l l  be 
abbrev ia ted  a c c ord in g ly .
The c r y s t a l  was cut w i th  a servomet spark c u t t e r  from a large  
c r y s t a l l i t e  found in a Cominco grade 69 zone re f in e d  bar .  F la t  surfaces  
perpe nd icu la r  to the t r i g o n a l  ax is  were obtained by cleavage and f i n a l  
c le a n in g  was done in a s o lu t io n  c o n s is t in g  o f  5 par ts  red fuming n i t r i c  
a c id ,  6 par ts  g l a c i a l  a c e t i c  ac id  and 2 pa r ts  h y d r o f lu o r ic  a c id .  Dimensions 
were 20 x 4 . 6  x 2 mm w i th  the 4 . 6  mm width a long a b in a ry  a x i s .  The long 
dimension was held v e r t i c a l  and the upper end was soldered to the t i p  of  
a No. 9 copper w i r e  (heat s ink )  passing from the l iq u i d  helium to  the 
i n t e r i o r  of  a 5 / 8 " c y l i n d r i c a l  (0 .0 1 0  in .  w a l l  type 304 s t a i n le s s  s t e e l )  
high vacuum (~ 4 x lO^mm Hg) chamber c o n ta in ing  the sample. A l l  so lder  
connect ions  were made w i th  non-superconducting 60 /40  Bi-Cd e u t e c t i c .
The source o f  heat c u r re n t  was obta ined from a IO7 ohm heater  which was 
wound from No. 40 constantan on a hoop shaped core o f  No. 16 copper wi re 
and soldered to  the lower end o f  the c r y s t a l .  E l e c t r i c a l  c u r re n t  was 
provided by leads soldered to the upper and lower ends of  the c r y s t a l .
A 22 cm length o f  10 mi 1 Supercon A33 N b -33° /o  Zr wi re was used to connect  
the e l e c t r i c  c u r re n t  lead to  the heater  end o f  the c r y s t a l .  This was done
in the hope th a t  a l l  e f f e c t s  could be measured w i th o u t  d i s t u r b i n g  the 
c r y s ta l , ,  the superconducting w ire  being capable o f  c a r r y in g  e l e c t r i c
A *
cu r re n ts  a t  high f i e l d  in  the measurement o f  p w i th  W = 0,  but conduct ing
n e g l i g i b l e  heat away from the h ea te r  in the measurement o f  e'  and ^  w i t h
J = 0.  This proved to  be o f  l i m i t e d  va lu e  due to  extraneous heat pulses
caused by r e l a x a t i o n  e f f e c t s  in the w i r e . ^  Measurements were made w i th
th is  w ire  removed a f t e r  a l l  data had been taken.  The w i r e  was found t o  have
produced no e f f e c t  o th e r  than an a - p e r i o d i c  d e l t a  f u n c t io n  o f  thermal
noise.  The use o f  the w i r e  was o r i g i n a l l y  conceived because o f  two
p a r t i c u l a r  f e a tu r e s  o f  ant imony. F i r s t ,  because the m a t e r i a l  becomes
n e a r ly  an in s u l a t o r  a t  the  lowest temperatures in m odera te ly  high f i e l d s ,
F ig .  1, i t  is necessary to  c a n t i l e v e r  the c r y s t a l  from the  s ink  and make
a l l  connect ions to  the bath w i t h  w i r e  o f  high thermal  r e s i s t i v i t y .  Second,
the phase o f  the o s c i l l a t o r y  e f f e c t s  in ant imony is e x t rem e ly  o r i e n t a t i o n
s e n s i t i v e  as can be seen from F igs .  8,  9 ,  10, and 11 a l l  taken a t
o s t e n s ib ly  the same o r i e n t a t i o n .  The c a n t i l e v e r e d  c r y s t a l  i n s t a l l e d
in the a d i a b a t i c  system w i t h  r i g i d  pumping l i n e  is d i f f i c u l t  to  o r i e n t
w i t h i n  one or two degrees about a h o r i z o n t a l  a x i s .  I t  was hoped instead
th a t  whatever o r i e n t a t i o n  was achieved could  be m a in ta ined  constan t
throughout the study and t h is  was done w i t h  moderate success. O r i e n t a t io n
about a v e r t i c a l  ax is  was more r e a d i l y  a t t a i n a b l e ,  but s t i l l  posed
problems because the m agnetores is tance  o f  ant imony is r a t h e r  i n s e n s i t i v e  
2^to  o r i e n t a t i o n .  This problem was a t ta c k e d  by p o s i t i o n i n g  a c leaved  
c r y s t a l  o f  z in c  on the copper heat s in k  ( e l e c t r i c a l l y  in s u la te d  w i t h  a 
smal l  sheet  o f  m y la r )  in a p lane  as n e a r ly  as p o s s ib le  p a r a l l e l  t o  t h a t  
of  the ant imony basal p la n e .  O r i e n t a t i o n  was then made w i t h  respect  to
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Further  so lder  connections were made to  the c r y s t a l  fo r  p o t e n t i a l
measurements {No. *+0 Advance) and carbon res is tan ce  thermometry (No. 32
copper) .  The thermometers and the d .c .  method o f  p o t e n t i a l  measurement
were descr ibed in e a r l i e r  di s s e r t a t i o n s .  Thermometer j a c k e ts  were
2 3of  the w i r e  wound v a r i e t y ,  isothermal  * Jmeasurements were made w i th  the 
same apparatus ,  but w i th  the vacuum broken to  admit l i q u i d  helium t o  the 
c r y s t a l .
Magnets and cryogenic equipment were n e a r ly  i d e n t i c a l  to  those used 
by Rao w i th  the a d d i t io n  o f  devices designed to improve the s t a b i l i t y  
of  the bath temperature .  The one and f i v e - e i t h t s  inch a i r  gap Weiss 
magnet used in these measurements is descr ibed by B e r g e r o n . C r y o g e n i c  
procedures are discussed by Hemstreet J and by Le inha rd t .  The system of
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dewar f la s k s  is descr ibed by G i l l ingham .  Temperatures below 4 . 2 ° K  were
obta ined by pumping away the vapors w i t h  a Kinney IO5 cfm pump i n s t a l l e d
. n 61 by Bergeron.
For galvanomagnetic measurements, the c u r re n t  ranged from 1 mA 
f o r  measurement of p j j  a t  high f i e l d  to  1 A fo r  measurements a t  zero and 
low f i e l d .  Heat cu r ren ts  fo r  thermomagnetic measurements ranged from
0.1  mW a t  1.6°K to  1.0  mW a t  k°K,  the main c r i t e r i a  in t h is  case being  
to  keep the temperature g ra d ie n t  s u f f i c i e n t l y  small  (< 0 . l °K /c m )  to app ly  
various l i n e a r  approximat ions in the computations.
B. Temperature Regulat ion
I t  was decided th a t  the manually  f ix e d  a p e r tu re  system o f  temperature  
c o n t r o l  i n s t a l l e d  by Bergeron^** should be replaced by some form of  
v a r i a b l e  a p e r tu re  manostat w i th  which the bath temperature might be held
REGULATOR A
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more n e a r ly  constant  dur ing  the d e te rm in a t io n  of the a d i a b a t i c  c o e f f i c i e n t s .  
Two d i f f e r e n t  manostat designs were used and each was success fu l  in ho ld ing  
the hel ium temperature to  w i t h i n  one m i l l i d e g r e e  of  constant  in the  
temperature  range f o r  which each was used. These devices are  shown in 
Figs.  13 and 14. Manostat A is of  the tu b u la r  membrane type.  The tu b u la r  
membrane r e g u la t o r  was designed by E f f e r s o n ^  and the design was based 
on suggest ions by Professor  C. T. Lane who has used s i m i l a r  dev ices  
in his  l a b o r a to r y  a t  Yale U n iv e r s i t y .  Manostat  A was found to be most 
e f f e c t i v e  f o r  r e g u l a t io n  in the helium I I  range o f  temperatures where 
the abs o lu te  pressure is smal l  and the d e r i v i t i v e  of  temperature w i th  
respect  to pressure is l a r g e .  At h igher temperatures where i t  is p o s s ib le  
to  develop la rge  pressures across the membrane, t h is  type of  r e g u la t o r
is d i f f i c u l t  to  c o n t r o l  w i th o u t  b u r s t in g  the membrane. A d d i t i o n a l
66d e t a i l s  p e r t a i n i n g  to  r e g u la t o r  A were g iven by E f fe rso n .  Manostat B 
is o f  the bel lows and diaphragm type.  The design is an e l a b o r a t i o n  by 
the au thor  o f  a s i m i l a r  device used a t  Oak Ridge N a t io n a l  L a b o r a to r ie s .
This r e g u l a t o r  was s u i t a b l e  fo r  r e g u la t io n  of  temperatures g r e a t e r  than 
two degrees Ke lv in .  I t  had n e i t h e r  s u f f i c i e n t  maximum e f f e c t i v e  pumping 
o r i f i c e  or pressure s e n s i t i v i t y  f o r  use much below the temperature  o f  
the lambda t r a n s i t i o n .  A few d e t a i l s  as to the o p e ra t io n  of  the bel lows  
manostat are  in o r d e r .
The re fe re n c e  volume is coupled to  an e x t e r n a l  c y l i n d e r  and p is to n  
w i t h  which the re fe ren ce  volume can be v a r ie d  by simply screwing the 
p is to n  in or ou t .  The re fe re n c e  volume is connected through a Whitey  
va lv e  to a p o in t  between the r e g u l a t o r  exhaust  and the t h r o t t l i n g  clamp 
on the hose which connects the r e g u l a t o r  exhaust  to  the Kinney pump.
i+o
In  o r d e r  to  put the r e g u l a t o r  i n t o  s e r v i c e ,  the r e g u l a t o r  bypass and 
t h r o t t l i n g  clamp v a l v e s  a r e  c lo s e d  and the  W h i t e y  v a l v e  is  opened.
When th e  h e l iu m  t r a n s f e r  is  c o m p le te  and th e  dewar system has been s e a l e d ,  
one b e g in s  t o  s l o w l y  open th e  t h r o t t l i n g  c lamp.  As th e  pumping thus  
commences, th e  r e f e r e n c e  p r e s s u r e  is  a u t o m a t i c a l l y  reduced and the  b e l lo w s  
compresses t o  open the  p a t h  between  the  dewar and the  pump. One c o n t i n u e s  
t o  open the  t h r o t t l i n g  c lamp u n t i l  th e  h e l iu m  is  pumped t o  a p r e s s u r e  a 
few c e n t i m e t e r s  o f  Hg above th e  p r e s s u r e  c o r r e s p o n d i n g  to  th e  d e s i r e d  
b a t h  t e m p e r a t u r e .  The W h i t e y  v a l v e  is  th en  c lo s e d  and the  t h r o t t l i n g  
clamp f u l l y  opened ( i n  t h e  s t a t e d  o r d e r ) .  The b e l lo w s  v a l v e  w i l l  then  
a u t o m a t i c a l l y  ho ld  i t s e l f  a t  the  o p e n in g  r e q u i r e d  t o  keep th e  h e l iu m  
p r e s s u r e  in  dynamic e q u i l i b r i u m  w i t h  th e  t r a p p e d  r e f e r e n c e  p r e s s u r e .
The r e f e r e n c e  p r e s s u r e  may be c o n t i n u o u s l y  v a r i e d  by means o f  the p i s t o n  
o v e r  a range o f  1 0 -2 0  cm Hg t o  an a c c u r a c y  o f  0 . 0 1  cm Hg.
The b e l lo w s  m a n o s t a t  f o r  r e g u l a t i o n  o f  the  t e m p e r a t u r e  o f  a h e l iu m  I 
b a th  has the  a d v a n ta g e s  t h a t  i t  is  compact ,  rugged and r e l i a b l e ,  w i t h  
r a p i d ,  p r e c i s e  a d ju s t m e n t s  in  r e f e r e n c e  p r e s s u r e  e a s i l y  made. I t  has 
th e  d i s a d v a n t a g e  t h a t  i t  c anno t  be used a t  v e r y  low t e m p e r a t u r e s  u n le s s  
i t  is  made v e r y  l a r g e .  In o r d e r  to  b u i l d  a b e l lo w s  m a n o s ta t  s u i t a b l e  f o r  
a h e l iu m  I I  b a t h ,  i t  would  be n e c e s s a r y  t o  have an e x c e p t i o n a l l y  s o f t  
b e l l o w s ,  a d iaphragm  o f  g r e a t  a r e a ,  and l a r g e  t u b u l a t i o n .
In  g e n e r a l ,  i t  is  d i f f i c u l t  to  b u i l d  a m e c h a n ic a l  m a n o s t a t  s u i t a b l e
f o r  th e  e n t i r e  range o f  l i q u i d  h e l iu m  t e m p e r a t u r e s ,  but  i t  is  r e l a t i v e l y
e as y  t o  have one t h a t  w i l l  f u n c t i o n  v e r y  w e l l  o v e r  a s m a l l  p o r t i o n  o f
th e  ra n g e .  At the  p r e s e n t  t i m e ,  t h e r e  do not seem t o  be any s a t i s f a c t o r y
68m e c h a n ic a l  m a n o s ta ts  c o m m e r c i a l l y  a v a i l a b l e .  The Daunt r e h e a t  ( e l e c t r o n i c
ill
r e g u la t o r  is a p p a r e n t ly  a f i n e  ins t rum ent ,  but may lead to  co m pl ica t ions  
in magnetic  f i e l d  work in a d d i t i o n  to  b e a r in g  a p r o h i b i t i v e  p r i c e  tag.
C. Data Reduct ion
This s e c t io n  dea ls  m a in ly  w i t h  the method by which thermal  r e s i s -
A A
t i v i t i e s  were c a l c u l a t e d  from the raw da ta .  Measurements of  p,  y  and
A
e 1 were a l l  made by e s s e n t i a l l y  the same method descr ibed by s e v e ra l  
prev ious a u t h o r s . T h e  method can be summarized as fo l low s:
1) r e c e p t i o n  o f  a low v o l t a g e  d . c .  s i g n a l  a t  the in p u t  o f  a m i c r o v o l t
p o t e n t i o m e t e r }  2 ) z e r o  s u p p r e s s io n  ( b i a s )  o f  most o f  the  s i g n a l  by the
p o t e n t i o m e t e r ;  3 ) a m p l i f i c a t i o n  and s t r i p  c h a r t  r e c o r d i n g  o f  the
A  A
remaining s i g n a l .  In the measurement of  p and c' the input  s ig n a l  was 
taken d i r e c t l y  from copper w ires  so ldered  to  the c r y s t a l .  The s ig n a l
A
in the  y  measurement was the o f f  b a la n c e  v o l t a g e  o f  a w h e a ts to n e  b r i d g e  
o f  nominal  *17 ohm A 1 l e n - B r a d l e y  0 . 1  w a t t  carbon  r e s i s t a n c e  the rm o m eters .  
These thermometers  and a c c e s s o ry  s w i t c h i n g  and m easur ing  a p p a r a tu s  have
62been d e s c r i b e d  in  e a r l i e r  d i s s e r t a t i o n s ,  but  a d e s c r i p t i o n  o f  da ta  
r e d u c t io n  p ro c ed u re s  has,  f o r  the  most p a r t ,  been o m i t t e d  from r e p o r t s  
o f  t r a n s p o r t  measurements.  Perhaps t h i s  was due to  the c o m p a r a t iv e  
s i m p l i c i t y  o f  th e s e  p ro c ed u re s  in  e a r l i e r  s t u d i e s .  For i n s t a n c e ,  the  
v e r y  l a r g e  t h e r m a l  m a g n e t o r e s is t a n c e  o f  t h i s  c r y s t a l  (h ig h  p u r i t y )  
r e s u l t e d  in  much l a r g e r  changes in  the  t e m p e r a t u r e  g r a d i e n t  and mean 
c r y s t a l  t e m p e r a t u r e  f o r  a g iv e n  h e a t  c u r r e n t  d e n s i t y  than in  p r e v io u s  
c as e s .  I t  was thus  n e c e s s a r y ,  i n  t h i s  c a s e ,  t o  employ many a d d i t i o n a l  
c o r r e c t i o n s  in the  d a ta  r e d u c t i o n s .  In some c a s e s ,  th ese  c o r r e c t i o n s  
have been s i m p l i f i e d  by a p p r o x i m a t e l y  l i n e a r  b e h a v i o r  in  the  t e m p e r a t u r e
k2
v a r i a t i o n  w i t h  f i e l d .  In  t h i s  case the s a t u r a t i o n  to  y f F i g .  3> 
made m a t t e r s  more c o m p l ic a t e d .
In  o r d e r  to  make use o f  an IBM d a ta  r e d u c t i o n  system in  the  compu-
J* A  A
t a t i o n  o f  p ,  c 1 and y  from raw d a t a ,  i t  was n e c e s s a ry  t o  d eve lo p  a 
r a t h e r  g e n e r a l  and c o n s i s t e n t  approach t o  the  prob lem .  The method by
a
w hich  raw d a ta  was reduced i n t o  the  th e rm a l  r e s i s t i v i t y  te n s o r  y is
A  A
o u t l i n e d  be low.  Computat ions  o f  e'  and p a r e  much s im p l e r  v e r s i o n s  o f  
the y  c o m p u ta t io n  as w i l l  be i n d i c a t e d .
The e n t i r e  c a l c u l a t i o n  r e s t s  on the  s i m p l i f y i n g  assumpt ion  t h a t  the  
t e m p e r a tu re  g r a d i e n t  in  th e  c r y s t a l  was s u f f i c i e n t l y  s m a l l  t h a t  thermo­
m e t r i c  p r o p e r t i e s  o f  the  carbon  r e s i s t o r s  a t  b o th  ends o f  the  g r a d i e n t  
c o u ld  be e xp re s se d  as a f u n c t i o n  o f  the  mean te m p e r a tu re  in th e  g r a d i e n t .  
T h is  was tan tam ount  to  assuming t h a t  a l i n e a r  a p p r o x i m a t i o n  to  the  te m p e ra -  
t u r e  v a r i a t i o n  o f  the  th e rm o m e t r ic  p r o p e r t i e s  would ho ld  f o r  the t e m p e r a tu re  
range o f  the  g r a d i e n t  ( < 0 . 1  d e g /c m ) .  The maximum e r r o r  in th e s e  r e s u l t s  
due to  th e  f a i l u r e  o f  t h i s  a p p r o x i m a t i o n  was les s  than 2 ° / o .
Because a l l  t e m p e r a t u r e  v a r i a t i o n s  were due t o  th e  f i e l d ,  the  f i r s t
s t e p  in the  r e d u c t i o n  of  the d a ta  was t o  d e t e r m in e  a f u n c t i o n  which
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e x p re s se d  the  mean c r y s t a l  t e m p e r a t u r e  as a f u n c t i o n  o f  th e  m a g n e t ic  
f i e l d .  I t  was then  n e c e s s a ry  to  d e t e r m in e  s e v e r a l  q u a n t i t i e s  as e x p l i c i t  
f u n c t i o n s  o f  t e m p e r a t u r e .  These a r e  d e f i n e d  as f o l l o w s  u s in g  gnemonic 
n o t a t i o n  s i m i l a r  to  t h a t  used ( F o r t r a n )  in  w r i t i n g  the  IBM program:
E R i j ( T ( H ) )  = the ( e x t e r n a l  r e s i s t a n c e )  t o t a l  in p u t  impedance  
to  the d . c .  a m p l i f i e r .  T h is  tu r n s  out  to  be the in p u t  t r a n s f o r m e r  
impedance o f  the a m p l i f i e r  (2000  ohms) p lu s  the  t e m p e r a tu re  
dependent t o t a l  r e s i s t a n c e  o f  the  b r i d g e .  The e f f e c t i v e  a m p l i f i e r
c a l i b r a t i o n  (CAL) is a l i n e a r  fu n c t io n  o f  t h is  v a r i a b l e  as w i l l  
be seen in Eq. 1-C.
S L i j ( T ( H ) )  = the (s lope) average temperature d e r i v a t i v e  ( p v o l t s / ° K )  
o f  two thermometers which have been chosen as a matched p a i r .
The two members o f  a p a i r  were considered matched when they each 
had the same ER and SL.
DM 11 (T (H ) )  = p o t e n t i a l  across the b r idge  under z e ro  temperature  
g r a d ie n t  r e s u l t i n g  from im per fec t  p a i r  matching.  This is measured 
as the d isplacement  o f  the v o l ta g e  versus temperature  curves  
o f  a p a i r  under the thermometer c u r r e n t  c o n d i t io n s  which should  
r e s u l t  in balance of  the b r id g e .  For measurements in a high 
f i e l d  t h is  c o r r e c t i o n  should be n e g l i g i b l e  when the p a i r s  a re
c o r r e c t l y  chosen, but  the c o r r e c t i o n  can be q u i t e  important  in
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low or z e ro  f i e l d  measurements. This q u a n t i t y  is on ly  
necessary  f o r  the l o n g i t u d i n a l  p a i r  in any case as the mismatch 
cancels  upon f i e l d  r e v e r s a l  in the same manner as the
component of  a measurement is removed in a galvanomagnetic
study.
In a d d i t i o n  to  these e x p l i c i t l y  temperature  dependent q u a n t i t i e s ,  i t  was 
necessary to  determine  the r e s is ta n c e  o f  the constantan he a te r  as a 
fu n c t io n  of  f i e l d .  This w i l l  be denoted by R(H) .  The a c t u a l  data put  
i n to  the c a l c u l a t i o n  is d e f in e d  and exp la in e d  as fo l lo w s :
E R i j ( T ( 0 ) )  = the va lu e  o f  ER T j  (T ( H ) ) a t  z e ro  f i e l d  and w i t h  the
heat c u r r e n t  and bath  temperature prepared fo r  the f i e l d  sweep.
The n e c e s s i ty  o f  t h i s  q u a n t i t y  was r e a l i z e d  as an a f t e r t h o u g h t .
This was the most weakly determined q u a n t i t y  in these measurements
and should account fo r  any e r r o r  in the y measurements.
CALi j(O)  = the c a l i b r a t i o n  o f  the s t r i p  c h a r t  recorder  
(pvol  t s / d  i v i s i on) made by a known change in  the s e t t i n g  o f  the  
m ic r o v o l t  p o te n t io m e te r  under the same c o n d i t io n s  as in the  
d e te rm in a t io n  o f  E R i j ( T ( 0 ) )  and w i t h  the a m p l i f i e r  s e t t in g s  
f i x e d  a t  the values to be used in  the f i e l d  sweep.
Z i j  = the p o s i t io n  ( d i v i s i o n s )  o f  the pen on the s t r i p  ch a r t  
recorder  a t  z e ro  f i e l d  under the c o n d i t io n s  o f  the CAl- i j (O)  
measuremen t..
G i j  -  the p o s i t io n  of  the pen a t  a given va lue  o f  H a t  which
a c a l c u l a t i o n  of y . . is d e s i r e d .
' J
B i jH  = the s e t t i n g  ( b ia s )  o f  the p o te n t io m e te r  ( p v o l t s )  c o r ­
responding to  a g iven va lue  o f  G i j .
Bi jO = the va lu e  o f  B i jH  when G i j  -  Z i j .
X P i j  -  the probe s e p a r a t io n  (cm).
XW = the w id th  of the c r y s t a l  (cm).
XT -  the th ickness of  the c r y s t a l  (cm).
I the e l e c t r i c  c u r r e n t  passing through the h e a te r .
The c a l c u l a t i o n  l o g i c a l l y  d iv id e s  i n to  four  p a r t s .  These 
are  the computat ion o f  the b r id g e  o f f  balance v o l ta g e  6V, the convers ion  
of the v o l t a g e  in to  a temperature  g r a d ie n t  6T, the computation o f  the
A
a p p r o p r ia t e  component o f  y  from 6T and the combinat ion o f  +H and -H 
sweeps in o rder  to  e l i m i n a t e  any unwanted component due to  probe 
m isa l ignm ent .  The equat ions o f  the computat ion a re
&V -  G i j * C A L i j  ( 0 ) * E R i j ( T ( H ) ) / E R i j ( T ( 0 ) )
- Z i j * C A L i j { 0 ) + B i j H - B i j O + D M l l ( T ( H ) ) ,
( 1 - A )
&T = &V/SLT j ( T ( H ) ) * X P (2-A)
y.. = &T*XW*XT/ |2*R (H) (3-A)
r l l  = r , i ( +H )+7u ( -H ) (4a-A)
(4b-A)
In a d d i t io n  one u s u a l ly  adds a l i n e a r  c o r r e c t i o n  to  any d r i f t  that  may 
occur in the va lue  of  Z i j .  The above equat ions  are  s t r a ig h t f o r w a r d  
p r o v id in g  one gives enough thought to the p r o p e r t i e s  o f  the thermometric  
b r id g e .  One p o i n t ,  the f i r s t  term of  Eq. ( 1 ) ,  ra te s  c l a r i f i c a t i o n ,  as 
fo l low s :  the c a l i b r a t i o n  o f  the s t r i p  c h a r t  recorder  v a r ie s  l i n e a r l y
w i th  the a m p l i f i e r  gain which,  in tu rn ,  is a l i n e a r  fu n c t io n  o f  the t o t a l  
impedance of  the load.  The CAL becomes z e ro  fo r  z e ro  load.  I t  is thus 
p o s s ib le  to express the CAL f o r  any va lue  of  ER i f  the CAL and ER are  
both known a t  any one p o in t .
A
The c a l c u l a t i o n  of  e 1 is much s im p le r .  Because the re s is ta n c e  of  
the c r y s t a l  is a n e g l i g i b l e  f r a c t i o n  of  the load,  the va lue  o f  CAL is 
a con s ta n t .  The 6 V is d i r e c t l y  c o n v e r t i b l e  to  e ! j  through the r e l a t i o n
be considered is the hea te r  r e s is t a n c e  R(H) .  In both the y  and the e 1 
c a l c u l a t i o n  i t  is best  to record  the va lue  of  the mean c r y s t a l  temperature  
t h a t  corresponds to each f i e l d  p o in t  as i t  is sometimes necessary  to  
norm al ize  the f in i s h e d  r e s u l t s  to  a s in g le  tem pera ture .  Such a n o rm a l i -
E e'W . The only f i e l d  or temperature  dependent q u a n t i t y  th a t  must
z a t io n  was made in the present  case fo r  the va lues  of
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The o n ly  c o r r e c t i o n  in the c om pu ta t ion  of  p is the  l i n e a r  d r i f t  
c o r r e c t i o n  on Z i j .
APPENDIX I I 
THE EXPERIMENTAL COEFFICIENTS
A complete s e t  o f  measurements was performed a t  each o f  the  
tem pera tures  V-*K, 3°K> 2 . 1°K and 1 .6 ° K  in a f i e l d  rang ing  from 0 .1  to
17 .8  kG. Some o f  the e x p e r im e n t a l  c o e f f i c i e n t s  were r e p o r te d  in an
26e a r l y  p u b l i c a t i o n  and a r e  not g iven  in the main t e x t .  These a r e ,  the 
magnetores i s t  i vi  t y  P jj and the H a l l  r e s i s t i v i t y  ( -  a ^ i a b a t i c
t h e r m o e l e c t r i c  c o e f f i c i e n t  e j j  and f i n a l l y  the N e rn s t - E t t in g h a u s e n  (N-E)  
c o e f f i c i e n t  ( = ” e 12^’
Resul ts  a r e  shown in  F igs .  15 and 16. The magnetores i s tan ce ,  F ig .  15 
(a )  shows a n e a r l y  q u a d r a t i c  f i e l d  inc rease  and sm al l  tem pera tu re  depen­
dence. The H a l l  e f f e c t ,  F ig .  1 5 ( b ) ,  is p o s i t i v e ,  c o n t r a r y  to  an e a r l i e r  
p u b l i c a t i o n  thus im p ly ing  a m a j o r i t y  o f  h o les .  I t  is ve ry  sm al l  and 
e x h i b i t s  n e a r l y  cub ic  f i e l d  dependence r a t h e r  than the l i n e a r  dependence 
expected  from the assumption n^ = ne * Marked Shubnikov-de Haas o s c i l l a t i o n s  
appear on both e f f e c t s .
The la rg e  p o s i t i v e  N-E e f f e c t ,  F ig .  1 6 ( b ) ,  is  l i n e a r  in f i e l d  and 
s t r o n g l y  tem pera tu re  dependent.  The t h e r m o e l e c t r i c  e f f e c t ,  F ig .  1 6 ( a ) ,  
is two o rd ers  o f  magnitude s m a l le r  and o f  o p p o s i te  s ign  than the N-E 
e f f e c t .  I t  e x h i b i t s  s t ro n g  tem pera tu re  dependence and c o m p l ic a te d  f i e l d  
b e h a v io r ,  F ig .  1 6 ( c ) .  E le c t r o n s  a r e  the m a j o r i t y  c a r r i e r  in t h i s  e f f e c t
w i t h  a h ig h e r  s a t u r a t i o n  f i e l d  more than compensat ing the l a r g e r  d e n s i t y
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